
A Divide-and-conquer Strategy in Shape from Shading Problem

Seong Ik CHO, Hideo SAITO, and Shinji OZAWA

Ozawa-Saito Lab,

Department of Electrical Engineering,

Faculty of Science and Technology,

Keio University, Yokohama-shi, 223, Japan

E-mail : fsicho@, saito@ and ozawa@gozawa.elec.keio.ac.jp

Abstract

A divide-and-conquer strategy in shape from shad-

ing problem under fully perspective condition is pro-

posed for the information recovery of book surfaces.

The whole recovery process is composed of three se-

quential steps : preprocessing, apparent shape recov-

ery, and ortho-image generation. Pure shade images

are extracted at preprocessing step by introducing phe-

nomenological model of interre
ection and by removing

pigment parts from observed images. Using existing in-

variances, equations of slope and that of ortho-image

being explicit are derived from equation of shading and

that of observation being implicit. Recurrence relation

is derived from de�nition of mean slope in discrete im-

age. Theoretically, it become possible to recover unique

shape without iteration using derived equations in case

of Lambertian cylinder. However, a feed-back shape

recovery process is implemented as practical algorithm

in order to overcome self-shadows. Results of simu-

lations and real experiments show the properness and

acceptability of the proposed strategy and implemented

algorithms.

1. Introduction

In this paper, a divide-and-conquer strategy is dis-
cussed in solving shape from shading (SFS) problem of
book surface under fully perspective condition.

The observing environments are composed of two
light sources and one camera which are the usual set-
ting in industrial applications. For surface of book, it
is assumed that albedo of paper part is homogeneous,
that global variations of depth exist along one direction
only, and that surface of book has matte re
ectance
characteristics following Lambertian re
ectance[2].

There are two major di�culties in this problem of
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Figure 1. Flow diagram of the whole pro-
cess proposed for shape recovery of book
surface.

real situation. One comes from obstacles like non-
constant albedos, self-shadows, interre
ections[7][9]
and discontinuity of shading in folded part. Another
comes from perspective e�ect which generally increases
the unknowns and which makes the problem implicit
because prior information of depth, that is the solution
itself, is required to solve the problem.

Parts of the idea proposed in this paper are connect-
ed with several previous researches on perspective light
condition[1][5][6], on recovery of book surface[9][10], on
perspective observation[4][3][6], and on using photo-
metric ratio[11].

The purpose of this paper is to propose a fast way
of shape recovery using shading information.

For this, a divide-and-conquer strategy, which di-
vides complicated SFS problem into sequential and
simple ones, is proposed as the fundamental idea. By
this strategy, the whole recovery process become large-
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Figure 2. World and pixel coordinates

ly divided into three steps of processing as is shown
in Fig. 1. Preprocessing is designed for extracting pure
shade images from observed images of book surface.
Shape information is recovered through two sequential
steps because this strategy divides recovery problem
into two in order to solve fully perspective SFS prob-
lem. This strategy makes it possible to recover shape of
Lambertian cylinder uniquely without iteration when
there is no self-shadow and no discontinuity of shading.

This paper is arranged as follows. Mathematical
problem and theoretical solution will be discussed in
Sect.2 and Sect. 3, respectively. Implementation of al-
gorithms will be discussed in Sect. 4, and results of sim-
ulations and experiments will be shown in Sect. 5. Fi-
nally, discussion will be done in Sect. 6.

2. Problem formulation

Under fully perspective condition, two equations
based on world and pixel coordinates should be con-
sidered simultaneously in order to describe observed
re
ectance of each pixel on image. Equation of shad-

ing based on world coordinate is used for describing
amount of perspective shading, whereas equation of ob-
servation de�ned by the relation of both coordinates is
used for describing deformations of object under per-
spective observation.

For discriminating two coordinates, (X;Y; Z) and
(x; y; z) will be used for world and pixel coordinates
respectively throughout this paper. We will denote lo-
cation of i-th light source as (Xi; Yi; Zi), height of cam-
era as Zo, local slope along X axis as p, and product of
departed strength of light and albedo of surface as I0�,
respectively. The location of each term in world coor-
dinate, and the concept of apparent position is shown
in Fig. 2.

2.1. Equation of shading

Amount of shading Li by perspectively incident light
source in Lambertian model[2] becomes

Li = I0�
cos �inc
D2
i

= I0�
��Xip+�Zi

D3
i

p
1 + p2

; (1)

p � @Z

@X
;

@Z

@Y
� 0; Di �

q
�2
Xi +�2

Y i +�2
Zi;

�Xi � Xi �X; �Y i � Yi � Y; �Zi � Zi � Z:

2.2. Equation of observation

Equation of perspective observation found in usual
text books is described by two variables : focal length
and height of camera. Without loosing generality, it is
possible to extend focal length equivalent with Zo as is
shown in Fig. 2 (b) in order to describe relation of both
coordinates simultaneously on image plane.

In Fig. 2 (b), a point P (X;Y;Z) on object surface is
recorded at P 0

o(x; y) by apparent shift Sd. Since Sd �
Z tan � and OP 0

o � Zo tan �, Sx becomes

Sx = Sd cos� = Sd
x

OP 0
o

= x
Z

Zo
; (2)

and Sy become y Z
Zo

in the same way.
Since X = x � Sx and Y = y � Sy in the �gure,

following equation of observation is derived

X = x(1� Z

Zo
); Y = y(1� Z

Zo
); Z � Z(X;Y ): (3)

2.3. Recovery problem

Shape from shading in fully perspective condition
is a way of recovering shape of surface using observed
shade images and using the equations (1) and (3).

At a glance, both equations look like containing �ve
unknowns (X , Y , Z, I0�, p) because of undetermined
depth Z(X;Y ). However, (X;Y ) in eq. (3) can be de-
termined when prior information of depth Z(X;Y ) is
available. Moreover, local slope is directly connected



with depth. Therefore, it can be intuitively acknowl-
edged that actual unknowns of this problem are not
�ve but only two (Z, I0�), and that di�culty is in im-
plicitness of problem because Z(X;Y ) should be known
priorily in order to minimize unknowns.

Therefore, the key of problem treated in this paper
is on how to get prior value of depth because reduction
of unknowns and resolving implicitness shall be done
naturally from prior information of depth.

3. Equations used in shape recovery

Using existing invariances, we will derive three new
equations : equation of slope and recurrence relation
which makes it possible to recover apparent shape de-
�ned in pixel coordinate, and equation of ortho-image
which will be used in generating ortho-image of shape
and albedo.

3.1. Invariant characteristics

Shape should be recovered at apparent position
P 0
o(x; y) because shade images are source of shape in-

formation. Angle between surface normal and incident
light ray is invariant even in perspective observation
because these are de�ned in world coordinate. Amount
of shading is invariant as well by Lambertian assump-
tion, that is L(x; y) � L(X;Y ), when distance varia-
tion between camera and surface can be ignored. Con-
sequently, recovered slope p(x; y) becomes equivalent
with p(X;Y ), and as a result, z(x; y) � Z(X;Y ) even
in perspective observation.

3.2. Transformed shading equation

By virtue of invariance of depth, it is possible to
substitute eq. (3) into (1). By this substitution, trans-
formed shading equation is derived

Li = I0�
��xip+ �zi

d3i

p
1 + p2

; (4)

di �
q
�2xi + �2yi + �2zi; �xi � Xi � x(1� z

Zo
);

�yi � Yi � y(1� z

Zo
); �zi � Zi � z; z � z(x; y):

This substitution eliminates two unknowns (X;Y ),
and replaces depth Z(X;Y ) into z(x; y), maintaining
generality of problem. As a natural consequence, o-
riginal problem becomes a problem of apparent shape
recovery because eq. (4) is de�ned in pixel coordinate.

3.3. Equation of slope

The equation of slope can be derived by calculat-
ing photometric ratio[11] of two transformed shading
equations,

L1

L2
=

(��x1p� �z1)d32
(��x2p� �z2)d31

; (5)

in order to eliminate unknown I0�. By solving this
equation with respect to slope p on the assumption of
known z(x; y), equations of slope is derived

pD =
L1�z2d

3
1 � L2�z1d

3
2

L1�x2d
3
1 � L2�x1d

3
2

: (6)

When single image is available, this becomes

pSi =
B �pB2 �AC

A
; for I0� = 1: (7)

A � �2xi � L2
i d

6
i ; B � �xi�zi; C � �2zi � L2

i d
6
i :

Equation (7) is useful when image contains self-
shadow. The � sign appeared in this equation can be
discriminated easily by comparing the slopes pD and
pSi on shadowless zone.

3.4. Recurrence relation

Since equation of slope is derived by assuming
known depth, depth should be determined prior to s-
lope. Recurrence relation makes it possible to deter-
mine depth priorily.

In discrete image, since mean slope is de�ned as

p(x� 1; y) =
z(x; y)� z(x� 2; y)

2�
; � � 1; (8)

following recurrence relation can be derived with nat-
ural boundary condition

z(x; y) = z(x� 2; y) + 2p(x� 1; y); (9)

z(0; x) � 0; z(1; y) � p(0; y): (10)

3.5. Equation of ortho-image

Since shape is recovered in pixel coordinate, this
shape should be corrected into ortho-image of shape
by applying equation of observation.

Equation of ortho-image is derived by inverting eq.
(3) for easy interpolation. This becomes

x = [X]
Zo

Zo � z
; y = [Y ]

Zo

Zo � z
; (11)

where ([X]; [Y ]) denotes position of each pixel in ortho-
image expressed by integer value. This equation should
be applied for both the albedo and shape images.

3.6. Theoretical recovery process

Shape recovery starts from boundary condition of
eq. (10) which gives initial depth. Slope can be deter-
mined by applying eq. (6) using prior information of
depth and using observed shade images. Recurrence
relation of eq. (9) gives depth information of next pixel
using calculated slope. Then, slope at next pixel can
be determined by applying eq. (6) in the same way.

By this way of propagation, in ideal case, shape in-
formation can be recovered uniquely without iteration.
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Figure 3. Concept of phenomenological
model of interre
ection.

3.7. Compatibility and uniqueness

Equation (4) becomes equivalent with eq. (1) when
distance to camera becomes in�nity because (x; y) be-
comes as same as (X;Y ). Therefore, the proposed re-
covery process is compatible with orthographic condi-
tion.

In ideal case, uniqueness of recovered shape is guar-
anteed naturally because recovery can be done mechan-
ically without any ad hoc constraint.

4. Implementation of algorithms

Shape recovery problem in real situation is not sim-
ple because there are usually non-constant albedos,
self-shadows, interre
ections, and other unknown fac-
tors within observed shade images of book surface.

Within implemented algorithms, column-wise mean
information of shade images will be used for reducing
errors caused by local noises. However, this will reduce
accuracy of recovered informations as well.

Pure shade images have been extracted from ob-
served shade images by introducing ad hoc approach.
Recovery of shape has been done using pure shade im-
ages by introducing a feed-back process which over-
comes self-shadows.

4.1. Preprocessing

E�ects of interre
ections have been reduced from
observed shade images by introducing phenomenolog-
ical model, and hence pure shade images have been
extracted by removing pigment parts.

4.1.1 Reduction of interre
ections

Interre
ections, which are occurred mainly on con-
cave parts[8][7][9] of book, are hard to remove because
of many unknown factors. Phenomenological model
determined from mean re
ectance curve of observed
shade image is proposed for reducing e�ect of inter-
re
ections. Figure 3 shows the concept of this mod-
el. Dotted curve corresponds to column-wise mean re-

ectance of shade image. It can be easily acknowledged

Figure 4. One of original shade image in-
cident from right light source.

that re
ectance peak of folded part (bold line) has been
caused by e�ect of interre
ections.

Phenomenological model LGi (x) is obtained by fol-
lowing mean re
ectance curve in folded part and by
extrapolating. Local e�ect can be estimated using this
model, and can be removed from shade image. Local
e�ect LLi (x; y) is de�ned as

LLi (x; y) � a(x; y)LGi (x) + b(x; y): (12)

Parameters a and b are calculated by minimizing �tting
error of both sides of eq. (12).

4.1.2 Extraction of pure shade images

Since local variations of re
ectance are caused by the
existence of pigments (character parts), pigment parts
can be removed using the local statistics of image. The
amounts of local re
ectance variation are expressed as

V (x; y) =
�I(x; y)

I(x)
; (13)

where �I denotes local standard deviation and I de-
notes column-wise mean re
ectance. The denomina-
tor is used for compensating global re
ectance varia-
tion caused by shading. Paper part can be extracted
through histogram analysis of variation image. The
pigment pixels are substituted by new values interpo-
lated from the nearest paper pixels.

Figure 4 shows one of observed images, and Fig. 5
shows the extracted pure shade image. Although this



Figure 5. One of pure shade image ex-
tracted in preprocessing step.

preprocessing strategy is simple and ad hoc, accept-
able results, being removed non-constant albedo and
interre
ections, have been obtained.

4.2. Feed-back shape recovery

Shape information can be obtained using theoretical
recovery process for ideal case. However, in treating
real images of book, more comprehensive algorithm is
required because of existence of self-shadows, di�culty
in determining occluding boundaries, and discontinuity
of shade in folded part.

A feed-back process which encapsulates theoretical
recovery process explained in Sect.3.6 has been pro-
posed for reliable shape recovery of book surface. Fig-
ure 6 shows 
ow diagram of proposed process.

Initial estimation of depth is done using eq. (6) by
assuming shadowless over whole image. Using recov-
ered shape, zone over the line of incident light ray is
determined as shadowless on following condition

jpDj �

q
�2xi + �2yi

j�xij + �thres; �thres > 0: (14)

Within shadowless zone, normalization of observed re-

ectance using recovered shape is done. This is done
separately with respect to each image for compensating
the intensity di�erence of two light sources.

In next process, same way as initial calculation is
done on shadowless zone, but pSi of eq. (7) is calcu-
lated by one shadowless image when another is self-
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Figure 6. Feed-back process proposed for
shape recovery of book surface.

shadowed. Combining depth from both zone, shadowed
and non-shadowed, re�ned shape of book is recovered,
and then this shape is used for next iteration.

This feed-back process is repeated until iteration er-
ror of depth becomes acceptably small.

During the shape recovery, column-wise means of
slope and depth are calculated in order to avoid the bias
by local noise. The recovery is proceeded from both
margins to center of book considering discontinuity of
shading of folded part. In folded part of book, where no
direct light reaches, extrapolation of depth from known
part is done.

4.3. Generation of ortho-images

Albedo images are generated by inverting eq. (4) and
by using recovered shape with respect to both shade
images. By combining two albedo images, pure albedo
image of book surface is generated.

Finally, ortho-images of albedo and shape are gen-
erated by applying eq. (11) and by using recovered ap-
parent shape.

5. Simulations and Experiment

5.1. Simulations

Shade images used for simulation of recovery have
been generated on following condition.

- Shape : double cylinder

- Size : 512 � 512 with 45 pixels of maximum depth

- Distance to light sources : (�9000; 0; 3000) pixels
- Distance to camera : 4000 pixels

- Rate of interre
ections : 1.0 %



Table 1. Results of simulation.

Light Observing Shadow Inter- Error

Case condition condition condition re
ection (%)

1 No No No No 79.6
2 Yes Yes No No 75.7
3 Yes Yes Yes No 41.7
4 Yes Yes Yes Yes 12.7

Error = 100 � jZreal�Zrecoveredj
Zreal

.

Original
Case 1
Proposed
approach

Figure 7. Simulation results of shape re-
covery.

- Condition : Perspective shading and observation,
self-shadows, and interre
ections

Table 1 and Fig. 7 show results of recovery. In each
�eld of table, Yes means that correct condition has
been considered, and No means ignoring the condition
in recovery process. From the results of simulation, it
can be expected that the proposed approach (case 4)
will give smaller error in real experiments as well than
conventional approaches which usually ignore perspec-
tive e�ects and self-shadows.

Another type of shade images assuming no e�ect
of interre
ections have been generated as comparison.
The recovered result obtained by considering correct
condition gives 3.5 % of depth error. This error has
been caused by the extrapolation error and the de-
formation of observed shape, that is @Z

@Y
6= 0, during

perspective observation.
Therefore, error of case 4 can be interpreted as main-

ly coming from errors in removal of interre
ections and
successional error of extrapolation.

5.2. Real experiment

Figure 4 has been observed on below condition.

- Pixel size : 0.24 mm

- Size of image : 998 � 998 pixels

- Distance to light sources : (�4504; 0; 1993) pixels
- Distance to camera : 3428 pixels

Shape recovery has been done using generated pure
shade images (Fig. 5 and it's pair) by applying the
proposed feed-back process. Convergence has been

Figure 8. Finally obtained ortho-image.

reached at second iteration with respect to 0:1 pixel
of iteration error and at third iteration with respect to
0:01 pixel of error. However, there has been no signi�-
cant di�erence of recovered shape between the two.

Albedo of book has been calculated by inverting eq.
(4) and using recovered shape. Recovered shape has
been used for generating ortho-image of albedo as is
shown in Fig. 8 and that of depth using eq. (11). Three
dimensional perspective view of Fig. 9 has been gen-
erated in order to show recovered depth and albedo
simultaneously.

Accuracy of shape recovery can be estimated from
ortho-image of albedo indirectly by two ways.

One way is to check how much apparent warps
caused by perspective observation have been correct-
ed. The resulting image shows that much of apparent
warps have been corrected acceptably over whole image
although warps near folded part remains uncorrected.

Another way is to check how homogeneous the albe-
do of paper part is. Two albedo images can be ob-
tained from two shade images. Two results are hard
to be similar because re
ectance of self-shadow zone is
not complete black and because surface of book is not
an ideal Lambertian object. Therefore, better result
has been selected manually by comparing both result-
s. By this problem, sudden variation of albedo can be
observed in Fig. 8. The brightness information of ful-
ly shadowed parts where no direct light is reached has
been removed as black in preprocessing step already
by removing the e�ect of interre
ections. As a result,



Figure 9. Three dimensional perspective
view of book simulated from recovered
albedo and depth.

central part of book remained black in Fig.8 as well.
Despite of remained problems, it can be said that

acceptable results have been obtained by considering
di�culties of treated problem and by comparing to cur-
rent technical status of shape from shading.

6. Conclusions

A theory and algorithms in recovering shape of book
surface from shading on fully perspective condition
have been discussed. The fundamental idea has been
based on a divide-and-conquer strategy which divides
complicated SFS problem into simpli�ed ones and re-
solves implicit problem into explicit ones.

New concepts or approaches discussed in this paper
are as follows.

- Division of problem into simpli�ed ones
- Solution of fully perspective SFS problem
- Phenomenological model of interre
ections
- Extraction of pure shade images
- Feed-back shape recovery overcoming self-shadow
The following self-estimation has been done.
First, resolving implicitness of problem is proper

way in solving fully perspective SFS problem. Sec-
ond, derived equations can be used as subset of other
SFS approaches because of compatibility with ortho-
graphic condition. Third, proposed approach can not
be used when there are severe noises during observa-
tion because the recurrence relation propagates recov-
ered shape information. Finally, the proposed way of
shape recovery is e�cient in time because no iteration
is required when there is no self-shadow.

It is still early to discuss about the accuracy of shape
recovery using the results of simulations and real exper-
iment. However, it may be said that the result of real

experiment is acceptable because the main purpose of
SFS is in fast recovery of shape.

The following further research can be proposed.
First, the surface of book is not ideal Lambertian ob-

ject although it may be more closer than other objects.
A way of correcting deviation by studying physical re-

ectance properties of a sheaf of bound paper can be
proposed for further research. Second, the proposed
approach can't be applicable for shape recovery of gen-
eral object. Another invariance or constraint should be
found for generalization of proposed approach. Third,
the preprocessing algorithms are insu�cient until now
as has been shown by simulations and real experiments.
Further researches shall be done in order to compensate
these problems.

The proposed algorithms are expected to be useful
in constructing the virtual library of rare books where
the restriction of non-contact input is highly required.
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