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Minimal Fixturing of Frictionless Assemblies:
Complexity and Algorithms

D. Baraff! R. Mattikalli,* and P. Khosla

Abstract. In many assembly tasks it is necessary to ensure the stability of a subcollection of contacting
objects. To achieve stability, it is often necessary to introduce fixture elements (also called “fingers” in some
work) to help hold objects in place. In this paper the complexity of stabilizing multiple contacting bodies with
the fewest number of fixture elements possible is considered. Standard fixture elements of the type explored
in previous single-object grasping work are considered, along with a generalized variant of fixture elements.
Both form-closure (complete immobility of the assembly), and first-order stability (stability of an assembly in
the neighborhood of a specific external force and torque on each body) are considered. The major result is that
for three of the four combinations of fixture element varieties and stability considered, achieving an optimal
solution (that is, finding a smallest set of fixture elements yielding stability) is NP-hard. However, for many
fixturing problems it seems likely that suboptimal, yet acceptably small solutions can be found in polynomial
time, and some candidate algorithms are presented.

Key Words. Fixturing, Complexity, Stability, Assemblies.

1. Introduction. Stability of bodies is an important consideration in planning an as-
sembly sequence. While the problem of synthesizing stable graspsifmieobject has
received considerable attention [10], [11], [14], [22], [17], [13], stabilization of multiple
bodies has only recently been a topic of interest [23], [15]. In the single-object case
the emphasis has been on synthesizing a robust, stable grasp. Several different types of
stability can be considered. fsrm-closureof an object is a grasp that completely im-
mobilizes the object; equivalently, the object will remain motionless under any applied
external force and torque. Less restrictive forms of stability might require the grasp to
balance only a particular external force and torque, or a range of external forces and
torques. Other forms of stability involving friction have been considered, but we defer
frictional considerations to future work.

In this paper we take on the task of stabilizing a collection of contracting rigid bodies
without friction. We assume that we are given a collectiofixdtire elementw/hich are
sufficient to stabilize the entire assembly (Figuré Epllowing Schimmels and Peshkin
[19], and later Wolter and Trinkle [23], we use the term “fixel” to mean an immobile
and rigid fixture element that exerts a frictionless point contact force on an object. In
general the set of fixels available to stabilize the assembly is assumed to be a potentially
very large collection; for example, the location of possible fixels might be generated by
discretizing all exterior surfaces of the objects in the assembly. Further, we imagine that

1 Robotics Institute, Carnegie Mellon University, Pittsburgh, PA 15213, USA.
2 This means of course thakceptionalobjects, as defined by Mishe al. [17], are restricted from our
consideration since they cannot be stabilized by any set of frictionless fixture elements.
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Fig. 1. (a) An assembly and its set of potential fixels. (b) The smallest set of fixels possible that stabilizes
the assembly due to gravity, assuming objads very massive. The seemingly odd fixturing on objBds
because objed slides down and leftward, attempting to force objBdb rotate counterclockwise.

every fixel has some nonnegative cost associated with it and that we would like to select
an inexpensive subcollection of fixels that stabilizes the assembly. For example, the cost
of a fixel might depend on:

o ReachabilityAfixel's cost might indicate the relative difficulty in actually establishing
the fixel at that specific point in space. Certain fixels would then be given a high cost
because they occurred on regions of objects which were difficult to reach.

e Fragility. There may be reasonsto prefer notto fixture particular bodies in the assembly
unless absolutely necessary. This could be indicated by making fixels that contact those
objects expensive.

e Constant costEvery fixel might be equally expensive. If every fixel has unit cost, then
a subcollection’s cost is simply its size.

In this paper we are concerned with the last, and simplest, cost function—selecting
the smallest possible fixel set that achieves stability (Figure 1). A lower bound for the
complexity of selecting a minimal size stabilizing fixel setimmediately establishes lower
bounds for more general cost functions.

A very different line of attack would be to generalize previous work on optimal
grasps. For example, Kirkpatriak al. [9] describe the measure of stability of a grasp
based on a geometric interpretation of Steinitz's theorem [17], [6]. Trinkle [22] similarly
proposes a stability measure that can be computed in terms of a linear program, and
then extends this work to measure and synthesize grasps (using, hopefully, a small
number of fixels) for multibody assemblies. Similarly, Markenscoff and Papadimitriou
[14] and Li and Sastry [11] also discuss what constitutes a good grasp for single-object
assemblies, given a specific task in mind. We believe that these are all good criteria, and
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should be extended to the case of multibody assemblies. However, before addressing
these considerations, we believe that the issue ofitimeberof fixels used to stabilize
an assembly must be addressed. For single-object assemblies, this is often not a large
concern, but for multibody assemblies, the size of the fixel set is clearly a factor to be
considered. Although it is not clear that small fixel sets are in general good fixel sets,
the existence and complexity of finding fixel sets of a specific size seems a reasonable
starting point in considering multibody assemblies. Clearly, the size of the fixel set could
be an important consideration when there are multiple fixturing sets yielding equally
optimal grasps; in this case, one would probably be interested in the smallest such set.
Accordingly, our goal in this paper is to establish lower bounds on the complexity of
finding minimal fixel sets.

Polynomial-time algorithms yielding suboptimal, but hopefully small, fixel sets are
considered in Section 7.

2. Contacts and Fixels. In this paper we restrict our consideration to polyhedral ob-
jects. Thus, the contact regions between objects are always polygons (or degenerate
polygons)? Because we do not consider friction, in discussing stability it is sufficient
to assume that contact forces arise only at the vertices of the contact region [18]. Thus,
we assume that contact between objects can be characterized in terms of only finitely
many contact points. At each contact, a surface normal is assumed to be well-defined.
Vertex-to-vertex contacts and other degenerate contact geometries are not considered,;
Palmer [18] discusses the complexity issues that arise when normals are ill-defined.

For illustrative purposes, we mostly consider planar systemsotfjects. All of the
results and algorithms in this paper are trivially extended to three-dimensional systems.
We denote matrices and vectors using boldface typeittheomponent of a vectdy
is the scalalb;, written in regular type. The symb@ denotes an appropriately sized
vector or matrix of zeros. The notatidn > 0 indicates that, > 0 for all i. Given
vectorsby, by, ..., bs € R, ther x s matrix whoseith column isb; is written as
[b1 by --- b]. Given matricesA € R S andB e R™*!, the notation A | B] denotes
ther x (s + t) matrix whose firsts columns are the columns &f, and whose last
columns are the columns 8f

Letn € R? be a force acting on a body at some pgint¢ R? in a global coordinate
system. The generalized forges R® on the body due ta is

q=(M, (-0 xn),

wherec € R? denotes the body’s center of mass. If the net generalized force acting
on bodyi is g € R3, the generalized force for the entire collection of thbodies is
denoted by the vectd® € R*", whereQ = (q1. ..., gn). We refer to bottg € R® and

Q € R as “forces”; which sort of quantity we are referring to should be clear from the
context.

3 Actually, objects with curved surfaces can also be considered, as long as the resulting contact regions are
polygonal. An example of a disallowed situation would be a cylinder resting upright on a plane, so that the
contact region is a disk in the plane. Baraff [2] discusses the difficulties that arise in considering nonpolygonal
contact regions.
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Fig. 2. (a) A contact between two objects in the assembly. (b) Contact between an object and an immovable
obstacle.

2.1. Contacts Let the total number of contact points between bodies in an assembly
be denoted\., and suppose that thé contact occurs between bodieands at point

p, with the surface normail atp oriented as shown in Figure 2(a). The generalized force
in R3 acting on body is in the direction

dr = (p—c)xn),
while the force on body is in the direction
ds = —(n, (p — Cs) X N).

The direction of the generalized force on the entire collection of objects frontlihe
contact is therefore

r-1 (s—1)—r n-s
—— —— —~——
u=(,...,0,d,0,...,0,ds,0,...,0),
where0 € RS.
The actual forc&); due to thdth contact has the form
Qi = Al

where); is a nhonnegative scalar. The nonnegativity.oérises from the restriction that
contact forces be compressive.

Itis also necessary to represent predetermined mobility constraints; for example, parts
of an assembly might be resting on an immovable table. We handle this by assuming
that contact points can occur between some bioalyd some immovable obstacle (Fig-
ure 2(b)). The immovable obstacle is not considered one of buelies in our collection.

In this case the force directian has the form

r—1 n—r

— —
0 u=@,...0d,0,...0)

and, as beforeQ; = Aju;.
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The net generalized force due to contact is simply the sum
AU1 + - 4+ AnUN,s

where all the\;’s are nonnegative. For notational ease, we define the mateyR3"Ne
as

2) U=[u uz --- un]

Any attainable net contact force can then be written in the form
U,
where each componeht of A € R\ is nonnegative.

2.2. Fixels. In stabilizing assemblies we consider two varieties of fixels. In previous
single-object fixturing work, a fixel has been defined as a supporting, immobile finger
that touches an object at a single point. A fixel on bodgt locationp produces a
generalized force on the assembly in the direction

r—1 n—r

— —
®) v=(0,...,0,d,0,...,0),

whered = (n, (p — ¢;) x n) andn is the inward pointing surface-normal of bodwt p
(Figure 3(a)). We assume that fixels generate only compressive forces, so that the fixel
force generated has the form for some nonnegative scalarNote that the force vector

Q = av generated by afixel is very sparse, since a fixel produces a force on only a single
body. Fixels, and the single-object contact occurring in Figure 2(b), appear to produce
identical sorts of forces. Note however that the force due to contact in Figure 2(b) is
always available to us, whereas the fixel fosaeis available only if we have decided to
select that particular fixel in stabilizing our assembly.

A completely different variety of fixel arises if we are allowed to group some number
of fixels together. Consider a setdixels, with thei th such fixel generating a generalized
force inthe direction; e R3", with eachv; being sparse, asin (3). The netforce produced
by thek fixels has the form

AV 4 - 4 Ak,

where thel’s are all nonnegative. Thus, the set of forces produced by this group of
fixels spans &-dimensional space (assuming the vecterghroughvy are linearly
independent). Imagine though that the cost of using &hitels is unit (even if some of
those fixels turn out to be superfluous). We call such a grouping of fixelanap A
clamp may act on a single object (Figure 3(b)), or on two or more objects (Figure 3(c)).
The reason for this terminology is because this generalization does in fact capture
the concept of stabilizing an assembly by inserting mechanical clamps. Imagine that we
have available to us gripping mechanisms which can be attached to a single object and
achieve form-closure (complete immobilzation of that object). If we were interested in
the minimum number of such mechanisms (that is, the minimum number of clamps)
necessary to attain stability, we would count each clamp as having unit cost, no matter
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Fig. 3. (a) An ordinary fixel. (b) A clamp, acting on a single object. If the clamp is selected, the object is
completely immobilized. (c) A clamp acting on two different objecends, which are in contact. Selecting
this clamp removes many, but not all, degrees of freedom from the two objects.

how many degrees of freedom the clamp actually eliminated. Note that the definition we
have given for a clamp allows a clamp to apply to two or more objects, as in Figure 3(c).
However, our complexity proofs concerning clamps are based on fixel groups that do in
fact act on only a single body, as in Figure 3(b). Thus, we will show that the complexity
of fixturing with clamps, as we have defined them, holds even if each clamp affects only
a single body.

2.3. Fixel Forces Given a set ofN; potential fixels we denote the direction of the
force due to théth fixel asv; € R®". If all the fixels are used in stabilizing the assembly,
attainable fixel forces have the form

o1V + - - Fan VN,
where eachy; is nonnegative. Accordingly, we define the mawixe R3"N by writing
(4) V=[vi v2 - VNI
Attainable fixel forces, using the entire set of fixels, have the form
Va,

wherea € RV is a vector satisfyingx > 0.

We are concerned with studying the forces attainable using only a subset of all the
fixels. We denote a subset of the entire fixel collection as anindéx sefl, 2, ..., N¢}.
Given an index seF, if i € F we say that the fixel sét contains theth fixel. For a
given fixel setF, only those fixels in the set can contribute to the total fixel force acting
on the assembly. Lef; be theith element ofF, letk = |F|, and define the matrix
Vg € R3nxk by

(5) Ve = [Vf1 Vi, o ka]'
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(Without loss of generality, we may assume that< f, < --- < f.) The fixel forces
attainable using only the fixel s€t can then be written as

V|:Ot,

where nowa € R anda > 0.

For clamps, almost the same notation can be used—the difference is essentially book-
keeping. In the case of fixturing with clamps, the ma¥ixs the matrix that would be
obtained if each clamp was treated as a set of unrelated fixels. Thus, if the number of
fixels grouped to form théth clamp isci and there are clamps,V contains) ;_, ¢
columns. Given a selectidn of clamps, the matri¥/ ¢ is obtained in a similar manner;
the fixels comprising all the selected clamps are treated as completely unrelated, and
used to form the columns &fg. Note that the number of columns @& may depend
on the specific se, sinceV g will have

[Fl

2 C
i—1

columns.

Having defined the ways in which the fixel and contact forces can combine, we can
proceed to introduce the various types of stability considered in this paper. Following
that, we consider the complexity of finding fixel sétsof minimum size that achieve
stability for a given assembly.

3. Types of Stability. In this paper we consider two different types of stabilftym-
closure and first-order stability. Form-closure is the stronger of the two, in that an
assembly which is form-closed has no kinematically legal motions. An assembly whichis
form-closed is stable no matter what external forces are applied to objects in the assembly;
thus, we can speak of form-closure without regard to the external force acting on an
assembly. In contrast, first-order stability is a weaker form of stability than form-closure,
and is defined relative to some external force. Trinkle [21] defines the concept of first-
order stability for a grasped frictionless object subject to gravity: if every kinematically
legal virtual displacement of the object yields a strictly positive virtual increase in the
gravitational potential energy, the object is said to be first-order stable. Trinkle also gives
alternate characterizations of first-order stability in terms of the solution properties of
various linear programs, while Wolter and Trinkle [23] extend the concept of first-order
stability to multibody systems.

Following Wolter and Trinkle [23], we can define first-order stability as follows. Given
an assembly with a fixture s&t, kinematically feasible virtual displacemess € R3"
of then bodies in the assembly are thagethat satisfy

WTsp >0,

where the wrench matri/ € R(N+IFDx3 s defined byW = [U | V]. If an external
force Qext acts on the assembly, then a potential energy fundtiae defined for the
system by writingsU = —Q[,8p; that is, a virtual displacememp of the system
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yields a virtual potential energy chang&/ 5p. Using this terminology, the concept
of first-order stability is expressed as follows:

DErINITION.  An assembly with a fixel sét is first-order stable with respect to an exter-
nal forceQey: if, for all kinematically feasible nonzero displacemespiof the assembly,
the corresponding chang® of the potential energy is strictly positive. Equivalently,
—QlL8p > 0 for all §p # 0 such thawwTsp > 0.

3.1. Directional Equilibrium  The importance of first-order stability in both [21] and

[23] concerns the fact that first-order stable systems recover their original state when
subject to suitably small perturbations. In this paper we have a very different emphasis:
our concern is not perturbations of the objects, and the subsequent return of the assembly
to its original state, but the stability of the assembly when the external force itself is
perturbed. Accordingly, we are led to characterize first-order stability in a very different
manner. We arrive at this characterization by defirdivgctional equilibrium which is

even weaker than first-order stability:

DEFINITION.  An assembly with a fixel set has directional equilibrium with respect
to an external forc€ey; if the contact and fixel forces that arise in respong®dg sum
to exactly—Qex: resulting in a net force of zero on the assembly.

Since our assemblies are frictionless and have well-defined contact normals at each
contact point, the acceleration of an assembly in response to a given external force is
unique [8], [5]. In particular, for any choice @ey;, directional equilibrium is easily
determined. A simple result is that, for a frictionless assembly, if it is possible to
attain contact and fixel forces which sum+®.y;, then in fact the contact and fixel
forces will sum to—Qey: [5], [1].° If this is the case, then the external fore®ey; is
completely canceled, the net force on each body is zero, and no part of the assembly
moves. Directional equilibrium with respect to a giv@g: is therefore easily determined
by seeing if the linear program

(6) U+ Vea + Qext =0, A>0 and a>0

possesses a solutieaand. If this linear program has no solution, then the assembly
is unstable and will begin moving under the external fa@eg; in this case, the actual
motion can be determined by solving a quadratic program [12], [1].

An assembly with directional equilibrium can still be inherently unstable. Consider
the assembly in Figure 4(a) consisting of a single objeict contact with an immovable
horizontal surface. Potential fixels are indicated in the figure. If the external force applied
to the system acts straight down upanthen the assembly has directional equilibrium
with respect to the external gravity force if we chodse= (. However, the slightest
perturbation of the external force to one side or the other will cause the assembly to

4 Palmer’s [18] result that determining the stability of a frictionless system is NP-hard does not apply because
of our assumption of well-defined contact normals.

5 This is not to say that the forces at individual contacts and fixels are well-determined: typically, these forces
will be indeterminate. The net effect of the forces on bodies, however, will always be well-defined.
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Fig. 4. (a) The assembly is in equilibrium without any fixels, but only if the external force is directed straight
down. (b) The center of mass of the object lies directly above the central fixel. The assembly is in equilibrium
using only fixel 2, but if gravity, or the object itself is perturbed slightly, fixels 1 and 3 are required.

move. A more extreme example is shown in Figure 4(b). In this case, given the fixel set
F = {2}, the assembly has directional equilibrium with respect to a downward applied
force through the center of mass. Now, however, either a perturbation in the direction
of the external forcer a perturbation in objecB’s configuration (either a rotation or
translation) unbalances the assembly.

3.2. Robust Directional Equilibrium Directional equilibrium, by itself, is not a very
practical concept in the context of fixturing (Figure 4). Accordingly, we define the notion
of robust directional equilibriumwhich turns out to be equivalent to first-order stability.

DEFINITION.  Given an external forcd@ey;, we say a system with a fixel sethas robust
directional equilibrium with respect Qey; if the assembly has directional equilibrium
with respect to all external forces in some neighborhoo®g&f. More precisely, there
must exist a positive scalarsuch that, for ald € R3 with ||d|| < 1 (using any norm),
the assembly has directional equilibrium with respect to the fQige+ ed.

An assembly which has robust directional equilibrium can endure perturbati@ag of
without becoming unstable. Thus, in Figure 4(b) the fixeFset {2} induces directional
equilibrium, but the seF = {1, 2, 3} is required for robust directional equilibrium.
Note that the definition of robust directional equilibrium says nothing about how large
a perturbation oQey: can be before stability is lost (Figure 5). Our proofs concerning
robust directional equilibrium will show that minimal fixel sets yielding robust directional
equilibrium are NP-hard to compute, evenif the assembly can undergo large perturbations
in Qext Without becoming unstable.

Note that the definition of robust directional equilibrium clearly subsumes the notion
of mere directional equilibrium. As a practical matter, determining if an assembly with
fixel set F has robust stability is no harder than seeing if the assembly has merely
directional equilibrium. Borrowing from Mishrat al’s [17] work on form-closure,
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Fig. 5. The assembly has robust directional equilibrium without any fixels. The amount of perturbation in the
external force required to make the assembly unstable can be made arbitrarily small by letting tideb@ngle
arbitrarily close to 180

we prove the following:

THEOREM3.1. Given an assembly with fixel sef the assembly has robust directional
equilibrium with respect tQey: if and only if

1. The setofvectory, ..., Un,, Vi, .. ., Vi ) spansR®" (equivalentlythe composite
matrix[U | V] has rank3n).
2. There exist strictly positive vectoecsand A such thatUA + Ve + Qext = 0.

PROOF  We begin by showing that the above two conditions are sufficient to establish
robust directional equilibrium. Consider an assembly with fixeFssttisfying the two
conditions of the theorem for a given external fo€g;. Using any vector norm, |eD

be the set of vectord € R3 such that|d|| < 1. We must show that there exists- 0

such that the assembly has directional equilibrium with respe@ttcd for alld € D.
However, sinc is a closed and compact set, it will suffice to show that, for each vector
d € D, there exists > 0 such that the assembly has directional equilibrium with respect
to Q + d. From the first condition, there exists a solut@gand\g such that

v vF](;z) _ g,

UXs + Veas +d =0,

althoughais and Ag will not necessarily be positive. From the second condition, there
exist vectors anda satisfying

or, equivalently, such that

UX +Vea + Qext = 0, A>0 and a>0.
Then, for some sufficiently smadl > 0,

A+eXs >0, o+ cas > 0,
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and

U+ eXs) + VE(a + sas) + (Qext + £d)
= (UX+Vra + Qex) + (UXs + VEas +d)
=0.

Thus, the assembly has directional equilibrium with respe@ o ed.

Conversely, consider an assembly with robust directional equilibrium with respect to
a forceQex and lethg andag be nonnegative vectors such thiXg + Ve ag = —Qext.
To show that the first condition of the theorem holdsplet R3" be an arbitrary vector
with ||b]| < 1. Since the assembly is robustly stable, there exist such that

UXA+Vea = —(Qext + €b),

but then
UX+Vea = —(UXg+ VEag + €b).
SoUA + Ag) + VE(ax + ag) = —eb, or, equivalently,

1
T(AJr)\o) B
UIvel| —b.

—(a+ ap)
&

Sinceb was arbitrary, rank[U | V¢]) = 3n. To show that the second condition holds,
let e denote the vectag = 1 for alli; the dimension oé will vary according to its use.
Lety e R® be defined by = Ue+ Ve Then, for some > 0, there exist nonnegative
A anda satisfying

UX + Ve = —(Qext + €Y) = —(Qext + e(Ue+ Vre),

which yields
U+ €€ + V(o +66) + Qe = 0.

Sincee > 0 andeis strictly positive, both + ee anda + ce are strictly positive as
well, and condition 2 is seen to hold. O

Based on Theorem 3.1, it is fairly simple to prove that the definitions given in this
section for first-order stability and robust directional equilibrium are equivalent. Specif-
ically, Appendix A proves the following theorem:

THEOREM3.2. Given an assembly with a fixture set F and an external f@eg,
the assembly has robust directional equilibrium with respediq if and only if the
assembly is first-order stable with respecQgy:.

As a consequence of this theorem, we can also characterize first-order stability in terms
of the conditions of Theorem 3.1. Since Trinkle’s [21] work predates ours, and since the
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phrase “robust directional equilibrium” is somewhat unwieldy anyway, we opt for the
simpler “first-order stability” henceforth in this paper.

As a practical matter, determining if a multibody assembly has first-order stability
is easily accomplished, based on Theorem 3.1. First, the rank of the mattiX[]
must be determined (say, by employing an SVD decomposition, or Gaussian elimination).
Assuming that the matrix has rank,3inear programming can be employed to determine
if the second condition of Theorem 3.1 holds. Although the strict positivity constraints
on A anda cannot be directly enforced in a linear program, we can work around this
restriction; clearly, the magnitude Q. has no bearing on the problem. We arbitrarily
constrain all components X and o to be one or larger, by requiring > e and
a > e Lettings denote an unknown scalar, strictly positive vectdranda satisfying
UX + Va + Qext = 0 exist if and only if the linear program

@) UM + VEa 4 SQext = O, A>e «>e and s>1,

possesses a solution far; A, ands.

Additionally, following Wolter and Trinkle’s [23] discussion on robust fixture design,
it is straightforward to determine if an assembly will be stable over an entire range of
external forces. Given a s&tof external force vectors, if the assembly has directional
equilibrium with respect to each force vector in the convex hubahen the assembly
has directional equilibrium with respect to every force vectoSjrand is first-order
stable with respect to all force vectors in the interior of the convex hufl. of

3.3. Form-Closure The last form of stability we consider is form-closure, where the
contact and fixel forces are sufficient to balance any and all external forces.

DEFINITION.  An assembly with a fixel sét has form-closure (or is form-closed) if the
contact and fixel forces that arise in response to an external @ygesum to exactly
—Qext, for all Qex; € R3",

Form-closure of an assembly means that the assembly is completely immobile, and
will not move in response to any force. Clearly, form-closure implies both directional
equilibrium and first-order stability with respect to all external forces. Following the
form of Theorem 3.1, and from Mishet al.’s [17] work, the following theorem is easily
proved:

THEOREM3.3. Given an assembly with fixel set the assembly is form-closed if and
only if:

1. The set of vectorfuy, ..., Un,, Vi, ..., Vi, } spansR3".

2. There exist strictly positive vectoesand A such thatUA + Vea = 0.

Once again, form-closure is easily detected by checking the rank of the matfix [
V], and then seeing if the linear program

(8) UX 4+ VEa =0, A>e and a>e

has a solution.
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Having formally defined these notions of stability, we can now consider the complexity
of finding minimal stabilizing fixel sets. Following this, we consider algorithms for
finding minimal stabilizing sets.

4. Size Bounds ori-. For form-closure, work by Mishrat al. [17] and Markenscoff
et al. [13] establishes that a single planar object always requires at least four fixels.
However, given a predetermined set of fixels yielding form-closure, never more than
six of those fixels are required for form-closure. For three-dimensional objects, those
bounds are respectively seven and twelve. These bounds are obtained from the theorems
of Carattgodory and Steinitz [17], [6].

In particular, Steinitz's theorem establishes thal iE R and a poinb € R¥ is in
the interior of the convex hull oZ, then there exists a subsétC Z with at most X
elements such thétis interior to the convex hull oK. In matrix parlance, this means

that if
[U|V] (2) =b

for some strictly positive vect@i, o) € RNetNr| then there exists a matik containing
6n or fewer of theN. + N; columns of J | V] such that

Mx =b

for some strictly positive vectot.

We can apply this result to planar multibody assemblies. If weltetkebe the origin,

0, this gives us the result that never more theBn?= 6n contacts and fixels are necessary
for form-closure. Similarly, if we také to be a specific external for@@ e R, then,
again, never more tham@&ontacts and fixels are required for first-order stability with
respect to any external force.

In the other direction, both form-closure and first-order stability require a fixeét set
such that the matriXd] | V] has rank 8, and thus at least3columns. Because of this,
both types of stability require a total of at least@ntacts and fixels. For form-closure,
this lower bound is improved to3+ 1: if the matrix U | V] has rank 8 and exactly
3n columns, it is nonsingular and the equation

[U[VEly=0

has only the single nonpositive solutignr= 0.
These lower bounds give us a lower bound on the size of the fixel set alone. Since
both form-closure and first-order stability require rgfld | Vg]) = 3n, we obtain

3n =rank(U | Vg]) < rankU) 4 rank(Vg)
or equivalently rankVg) > 3n — rank(U). Thus, at least
3n — rank(U)

fixels are required to achieve form-closure. It is tempting to think that contacts always
help to decrease the number of fixels needed for form-closure (or for first-order stability,
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Fig. 6. An object with only translational freedom in contact with an immovable obstacle. The directions of
the forces irfR? generated by the fixels are shown, as is the direction of the force generated by the contact. To
positively sum these vectors to zero, vectors 1, 2, and 3 must all be used.

if the contacts are “underneath” an object) but this is not always so. For simplicity,
consider a single object with only translational freedom, as shown in Figure 6. Without
any contact, three fixels would be required for form-closure, but even though contact
occurs, all three fixels are still required for form-closure. The direction of the contact
and fixel forces irR? are shown next to the object. Clearly, the only strictly positive sum
of the vectors that is zero requires using vectors 1, 2, and 3. The use of @eistoot
required.

Although we will see that finding a minimal fixel set is in general hard, it is not
difficult at all to find a fixel set of sizerbor less that imparts form-closure. We present
such an algorithm below. We assume a predicate fungibaitive-spatiM, b) that takes
a matrixM and a vectob and returns a value GRUEIf and only if there exists a vector
x such that

Mx =b and x> 0.

Note thatx is required to be strictly positive. As discussed in Sectiopdaitive-span
can be implemented as a linear program. The following algorithm returns a fixel subset
F that achieves form-closure (assuming such a subset exists):

Algorithm prune-fixels

F={1L2...,N¢}
fori =1to N;
do
F'=F—{i}
S=[U|Ve]
if rank(S) = 3n and positive-sparS, 0) = TRUE
F=F
done
return F
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Assuming that a fixel seF imparting form-closure exists, the fixel set found by
the algorithmprune-fixel-sets guaranteed to be of size ®r less. The correctness of
the algorithm is a consequence of Steinitz's theorem. If the sél;afontacts and all
N; fixels can achieve form-closure, then no more tharoBthe fixels are required for
form-closure. Initially, the fixel seff contains all the fixels, sb imparts form-closure.
As the algorithm progresses, fixels removed fromF only if it is demonstrated that
theith fixel is not required for form-closure. Thus, as longrasontains more thanrb
elements, Steinitz’s theorem applies and there must exist some elenfettiatfcan be
removed. As a result, the final setreturned must of sizeréor less.

Clearly, the same algorithm can be used to find a sehajrdess fixels that yields
first-order stability with respect to an external foQgy. The exact same algorithm is
used, except that

positive-spars, 0)
is replaced by

positive-spars, —Qexy).

5. Complexity of Finding Minimal Fixel Sets. In this section we consider the com-
plexity of fixturing with ordinary fixels; consideration of clamps is deferred until Sec-
tion 6. Note that the problems of finding a minimal set of fixels or clamps for either
first-order stability or form-closure are all in NP, since a candidate solution for any of
the four problems can be tested by solving a linear program and computing the rank of a
matrix. In this section and Section 6 we prove that, with the exception of finding a min-
imal fixel set yielding form-closure, the problems are all NP-complete. The complexity
of finding a minimal fixel set yielding form-closure remains an open question which we
consider further in Section 7.

5.1. A Naive Approach One possible approach is to treat minimal fixturing problems
with justfixels (and not clamps) as purely combinatorial linear algebra problems, ignoring
the inherent sparse structure in the mawix Using the definition and theorems of
Section 3, we could cast the problem of finding minimal fixel sets as combinatorial
linear programming problems. As we show in this section, this approach would require
us to solve NP-hard problems. Of course, this does not prove that minimal fixturing is
NP-hard, in that we are treating as general, when in fact it is not; however, this line

of attack shows that a naive approach is not practical, and also furnishes some insights
into the special case of fixturing a single body.

For the special case of a single rigid body, there is no restriction on the fixel vectors
{v1, ..., V| }; thus the matrice¥ that arise when fixturing a single body are in fact
general. Since the largest minimal fixel set for a single planar object will always be no
larger than six, a minimal fixturing set can found by an exhaustive search itQX(iNg).

For a single three-dimensional object, an exhaustive search could requir€©aplé)

time. Although these complexity bounds are polynomial, a smaller upper bound would
clearly be better (especially in fixturing three-dimensional objects). Since the matrices
that are encountered in fixturing a single body are general matrices (either otside 3



Minimal Fixturing of Frictionless Assemblies: Complexity and Algorithms 19

or 6 x Nf), the complexity results obtained in this section suggest that minimal fixturing
for form-closure of a single object is likely to require exhaustive search.

Suppose we consider the problem of finding a minimal fixel set yielding merely
directional equilibrium with respect to an external fo€@g:. To find a minimal fixel set,
we need to search for the smallest sizelSéhat satisfies the conditions of (6). In the
case where there is no contact, a fixel set achieves directional equilibrium if and only if
there is a nonnegative solutianto

VEa = Qext.

If we pretend that the matri¥ ¢ is completely arbitrary, finding a minimal sEt that
yields directional stability is clearly equivalent to the following NP-complete problem
[7, Section A6, Problem MP5]:

Given a matrixM, ann-vectorb, and an integek < n, does there exist a vectrwith
no more thark nonzero components satisfyildx = b andx > 0?

In our caseM would correspond t&, b would correspond te-Qey:, andx would
correspond tex. A similar sort of construction involving (7) shows that treating first-order
stability as a general combinatorial linear algebra problem also results in an NP-complete
problem. For form-closure of an assembly without contact, regarding the problem as a
combinatorial linear algebra problem requires us to solve the following problem:

What is the smallest sét such that rank/¢) = 3n andVra = 0 possesses a strictly
positive solution?

Appendix B shows however that this problem is also NP-complete.

5.2. Finding Minimal Fixel Sets for First-Order Stability Clearly, the naive approachto
minimal fixturing for first-order stability by regardingas a general matrix is impractical.

As it turns out, even taking the special structuré/ofhto account, the problem is still
NP-complete. To prove this, we use the following NP-complete problem, known as the
minimal set coveringrroblem:

Let Abe asetA = {a1, &, ..., &} of r elements. Le#A; through A be subsets oA.
Does there exist k-element subsef C {Aq, Ay, ..., A} such that J,., z= A?
Given a set of element8 = {a;, ay, ..., &} and subset®\;, A,, ..., As of A, we

construct an assembly that can be stabilized Wifitkels if and only if there exists a set

Z C{A, Ay, ..., As} suchthatZ| = k and( J,., z = A. Without loss of generality,

we assume that each subgg¢icontains three elements; this restricted form of minimum
set cover is still NP-hard. As a first step, we prove a result about the complexity of finding
a minimal fixel set that yields directional equilibrium. We then augment this result to
obtain a statement about minimal fixture sets that yield first-order stability.

THEOREM5.1. Given avectoQex;, and a set of fixeldinding a minimal subset of those
fixels that yields directional equilibrium with respect@ay: (assuming such a set exists
is NP-hard
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Fig. 7.Objects 1 through can only move downward; a downward external force acts on each of these objects.
Objectsr + 1 throughr + s can move downward but are not subjected to an external force. An objegt
can be prevented from moving by selecting fixel

PrOOF The proof is by reduction of the minimum set covering problem. Given the set
A={ay, ay,...,a},andsubsetdy, A, ..., Asof A, we construct an assemblyrof s
objects. Objects 1 throughcorrespond to the elements ofA. Contact constraints with
immovable obstacles prevent the firsibjects from any motion other than a translation
straight down (Figure 7). The external forQgy; acting on the system tries to accelerate
each of these objects downward. For eachd i < r, we saya; is coveredwhen we
have prevented objecfrom moving downward.

Objectr + j, for 1 < j < s, corresponds to the subsgt. These objects are also
constrained so that they can only move vertically. The set of fixels for the assembly
consists ok fixels. If the jth fixel is selected, then object- j is prevented from moving
downward (Figure 7). However, no external force (or rather, an external force of zero)
acts on objects + 1 throughr + s. Thus, not all of these objects necessarily need to
be fixtured; in particular, if objeat + | is not used to support any of the firsbbjects,
objectr + j can remain unfixtured.

Each object + j touches three other of the firsobjects: if A; = {as, &, a,}, then
objectr + j contacts objects, t, andu. For example, the contacts on objects 1 and
r + 2 in Figure 8 indicate tha®; = {a;, ap, a4} and A, = {ay, as, & }. Selecting fixel
j prevents object 4+ j from moving downward, thus covering objecfor all i such
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Fig. 8. Contact between object+ j and object occurs if and only ifg; € A;.

thata; € A;. Conversely, if, for some < r, none of the fixelg satisfyinga; € A; are
selected, then the external force will cause objetct move downward, consequently
causing all such objectsto move downward as well.

Clearly, then, a fixel seF that yields directional equilibrium with respect to the
chosermQey; induces a covering sét, by defining

Z={A|]jeF}

Conversely, a covering sét induces a fixel set yielding directional equilibriérby
defining

(9) F={ilA ez}

Since minimum covering is NP-hard, we conclude that finding a minimal fixel set yielding
directional equilibrium is NP-hard as well. O

6 A subtle point in this construction concerns the behavior of unfixtured objects. SuppmsersA, andF

is defined by (9). Le#; ¢ Z, soj ¢ F and object + j is unfixtured. Could some objece A; exert a force

on objectr + j, causing a downward motion? The answer to this is “no.” SiiceversA, objectj is covered

and cannot move. If objedtexerted a force on object+ j, objectr + j would move away (downward),
breaking contact with object The contact force at a point where contact is broken however must be zero [8].
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As it stands, a set of fixtures yielding directional equilibrium will not necessarily
yield first-order stability. Since the firstobjects are acted upon by gravity, but objects
r + 1 throughr + s are weightless, the assembly may not be stable with respect to a
perturbation of¢y:. For example, if we choose a fixel set yielding stability that does not
include fixel 1, then ifQex is perturbed so that a small downward force acts on object
r + 1, that object will move downward.

However, we can modify the construction of Figure 8 so that minimum covering sets
Z correspond to minimal fixel sets that yield first-order stability. In particular, the
external force acting on the modified system will be an ordinary gravity field, acting on
all the objects. A set of fixels yielding stability will do so for relatively large external
force variations (for example, if gravity acts straight down on one object, but is inclined
15° with respect to another object).

THEOREM5.2. Given a vectoRQey and a set of fixeldinding a minimal subset of those
fixels that yields first-order stability with respect@y: (assuming such a set exisis
NP-hard

PrROOE The proof consists of modifying the construction in Theorem 5.1 so that a
minimal covering se¥ yields a minimal fixel sef that is robustly stable with respect
to a uniform gravity force. The modification is made in two steps.

Let Qext be an external force acting downward on each object with strength propor-
tional to an object’s mass. In the assemblies of Theorem 5.1, contact occurred between
objecti and object + | if & € A;. We modify the constraints on objects- 1 through
r + s so that each object can now move only horizontally. The fixels are positioned so
that selecting fixelj prevents object + j from moving to the left. Contact between
objectsi andr + j is modified as shown in Figure 9. In order for objédb move
downward, object + j must move to the left. Clearly, selecting fixjeprevents object
i from moving downward. Note however that if fixglis unselected, the external force
acting on object + j induces no motion of object+ j.

This modification does not change the fact that it is NP-hard to pick a minimal fixel
set yielding directional equilibrium. This first modification overcomes the objection that
the external force chosen for the previous proof was somewhat unnatural. Still, given a
covering sef, the corresponding only induces directional equilibrium; any unfixtured
objectr + j is stable only because the external force points exactly straight down.

A second modification fixes this. In Figure 10 the motion constraint on object
is altered so that the object can only move to the left and up (if unfixtured). If we assume
that objects 1 through are massive compared with objects- 1 throughr + s, then
a fixel set which fails to cover some objéck r does not yield stability. However, a
fixel setF that yields directional equilibrium also yields first-order stability. To see this,
suppose object+ j is unfixtured. Perturbations on the forces acting on fixtured objects
are of no account. In order for objectt- j to move, the external force acting on that
object must be inclined a sizeable amount with respect to the negative vertical axis in
order to cause a motion. Thus, a minimal coveringAsfields a minimal fixel sef
yielding first-order stability. O

Although we are in general discussing planar configurations of objects, the construc-
tion shown in Figure 8 requires three dimensions, to allow for “crossovers” of objects in
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Fig. 9. A downward force on objedtresults in a horizontal force on objact- j. The external gravity force
acting on object + j has no effect, as long as gravity points exactly downward.

the assembly. (Note however that each object in the assembly only reqnedsgree
of freedom for its movement.) It is an open question as to whether or not truly planar
constructions exists that are NP-hard to fixel.

Unfortunately, we cannot follow Theorem 5.2 with a proof that finding a set of minimal
fixels yielding form-closure is NP-hard; nor can be show that such a fixel set can be found
in polynomial time. We show however that if an assembly’s contact graph (a graph
where nodes are objects, and edges indicate contact between pairs of objects) is acyclic,
a minimal fixel set is easily obtained in polynomial time. The complexity of the more
general case of assemblies with cyclic contact graphs eludes us. Our strong suspicion
however is that finding minimal sets of fixels yielding form-closuren@¢ NP-hard.

Before considering contact graphs, we consider the complexity of fixturing with clamps.

6. Complexity of Minimal Fixturing with Clamps. In this section we consider the
complexity of stabilizing assemblies with a minimal number of clamps. Recall that
clamps, which are groupings of fixels, give us the ability to form-close a single object
with unit cost. If we consider assemblies where selecting a clamp causes a particular
body to be immobilized, we see that determining a set of bodies that when immobilized
yields stability of the entire assembly is a clamp-fixturing problem. Accordingly, we can
show that fixturing with clamps is NP-hard by constructing assemblies where it is NP-
hard to determine the smallest number of objects whose immobilization yields stability
for the entire structure.
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Fig. 10. The constraints on object+ j are altered so that perturbations in the gravity direction have no
immediate effect on object+ j.

The first theorem concerning fixturing with clamps is a trivial modification to the
assemblies constructed in Figures 8 and 10.

THEOREMG6.1. Given a vectoQey and a set of clampdinding a minimal subset of
those clamps that yields first-order stability with respectg; (assuming such a set
existg is NP-hard.

PrOOF Consider Figure 10. We replace each fikalith a clamp that form-closes body

r + j when selected. Each such clamp has no more or less effect when selected than
the original, single fixel. Thus, finding a minimal set of clamps required for first-order
stability is just as hard as finding a minimal set of ordinary fixels. O

Although we have not obtained a result concerning ordinary fixels and form-closure,
we can say something about the complexity of minimal fixturing with clamps for form-
closure. Our proof involves a reduction from the following NP-complete problem [7,
Section A1, Problem GT 7]:

Let G = (N, E) be a directed graph with node 9é¢tand edges sdf, and letk < |N].

Letthe in- and out-degree of every node be two or less. Does there exist a subset of nodes
N’ € N with |[N’| = k such thatN’ contains at least one vertex from every directed
cycle inG?

To perform the reduction we take a directed graph, all of whose nodes have both in-
and out-degree of two or less, and build a corresponding assembly. The assembly will
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Fig. 11.(a) Starting from its initial position, node obje&tcan never slide to the left. Similarly, the connecting
rods B andC can never slide to the left. Objeéts input connecting rods can slide forward (to the right)
only if object A can. (b) If objectA is given a push from an input connecting rod, and objzcannot move,
objectA can move by sliding to the right and up. Converselfg ifould not move bu€ could, objectA would
slide to the right and down. If neithéd nor C can move, therA cannot move either, preventings input
connecting rods from moving as well.

be form-closed by immobilizing objects if and only if a subséd’ of sizek exists that
contains at least one vertex of every directed cycle of the graph.

The basic building block of the assembly is shown in Figure 11. We call oBject
node objectind objectB andC connecting rodsA node object corresponds to a node
of the graph. Connecting rods represent edges, and run from the “output” side of a node
(the right side) to the “input” side (the left side) of some other node. In Figure 11 the
only freedom of motion for the connecting rods is to slide horizontally to the right.
We say this is a “forward” motion of the connecting rod. Connecting rods are always
prevented from moving “backward” (to the left) from their initial position because of
their spurs.

When can objeci slide forward? Suppose that rdgdlis prevented from moving
forward. Then objecA could slide rightward and dowonly if the rodC is free to slide
forward. Similarly, objectA can slide to the right and up only if ro is free to slide
forward. If neither of the rod8 andC can move, objecA is prevented from moving as
well. (Clearly, under no circumstances can objadlide to the left.) The construction
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of Figure 11 is replicated for each node of a graph. The assembly corresponding to the
graph

SNy

@\é@

is shown in Figure 12. Consider object 1 in this assembly: as in Figure 11, object 1
can slide forward if and only if one or more of its connecting “output” rods can slide
forward. (Connecting rods can be made to turn corners as shown in the upper-left detail
of Figure 12. Similarly, nonplanar graphs can be formed by having a connecting rod
cross over another rod by turning a corner out of the plane of the paper, and later turning
back into the plane of the paper. For clarity, the spurs on the connecting rods preventing
any “backwards” movement by the rods are not shown in Figure 12.) Since object 1's
connecting rods contact objects 2 and 4, object 1 can move if and only if one or both of
objects 2 and 4 are free to move.

In order to perform the reduction, we want a node objeotbe able to move if and
only if one or more of the node objects it is connected to can move. For example, object 1
can move if and only if object 2 or object 4 can move. Object 5 is connected to only
one other node object, so an extra constraint is placed on object 5, preventing it from
moving downwards at all. Clearly, object 5 can move if and only if object 3 can move.
Since object 3 is connected o other node objects, it is constrained to have no motion
at all. Nodes with zero or oniecoming edgdsuch as nodes 5 and 2) need no special
treatment.

Thus, given a directed grapgh = (N, E) we construct an assembly. The assembly
will have |[N| node objects of the type shown in Figure 11, d&d connecting rod
mechanisms. (We will describe the set of clamps shortly.) A connecting rod mechanism
is placed between node objedtand j for each directed edgé, j) € E, with the
connector running “out” from objegtand “into” objectj. For each node in the graph
with no outputs, additional constraints are added on the node object that immediately
prevent it from moving (as illustrated by node 3 in Figure 12). For each node with only
one output, an additional constraint is placed on the node dbfastillustrated by node
5in Figure 12). The final assembly thus has the property that node olgantmove if
and only if, for somdi, j) € E, node object can move as well. Note that this implies
that if nodei has no outgoing edges, node objecan never move.

THEOREMG6.2. Given a graph G= (V, E), there is a movable node object in the
constructed assembly if and only if there exist movable node objgatg,n. ., ng such
that(n;, nj;1) € E fori < k and(ng, ny) € E.
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Fig. 12.The assembly corresponding to the five node graph on p. 26. Connecting rods can bend around corners
as shown in the detail in the upper left: assuming @dan move to the right, moving roA to the right

causes rod to move downward, causing rdd to move to the right. Nonplanar graphs (requiring edges to
“cross over” each other) are modeled by having connecting rods turn corners taking them out of the plane of
the assembly.

ProoOE The forward direction of the proof is obvious from the construction of the
assembly: assuming the hypothesizedrist,, . . ., nx of movable objects, each of the
k node objects in the list can be moved forward some small amount, if all the movements
occur simultaneously.

Conversely, suppose that node objecin the assembly is movable. By construction,
a node object is movable if and only if it is connected to another movable node object
n,. Then there must exist a movable node objecsuch that(h;, n;) € E. However,
in order forn, to be movable, it too must be connected to some movable nodech
that(n,, ne) € E. Clearly, this argument can be continued, generating a list of movable

nodesny, Ny, N, .. .; but since there are only finitely many nodes, at some point we
will encounter a movable object such thatn; is already on the list. Then the sub-
sequence;, N1, ..., N; is a list of movable node objects satisfying the conditions of
the theorem. O

Using Theorem 6.2, we can establish the complexity of establishing form-closure
with a minimal set of clamps.

THEOREM6.3. Given a set of clampginding a minimal subset of those clamps that
yields form-closurgassuming such a set exigts NP-hard
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PrROOF Given adirected grap@ = (N, E), we construct the corresponding assembly
of Theorem 6.2. In additionN| clamps are added. Thth clamp, when selected, form-
closes node objeét

Given a setN’ that contains at least one vertex from every directed cyclg,ithe
corresponding set of clamps

F={i|neN}
induces form-closure. This follows from Theorem 6.2: the connecting rods cannot move
unless some node object can move, and a movable node object implies a movable cycle
of node objects. However, since at least one node object in every possible cycle of

node objects is clamped, no object can move. By the same argument, a set of Elamps
inducing form-closure yields a set

N’:{ni|ieF}

containing at least one vertex of every cycle in the graph. As a result, minimal sets
N’ containing a vertex from each cycle correspond to minimal Beygelding form-
closure. O

As in Section 5.2 (Figure 8), it is an open question as to whether the reduction shown
in Figure 12 truly requires three dimensions, to accommodate nonplanar graphs. Again,
note that each object in Figure 12 requires only two degrees of motion freedom.

7. Algorithms. So far we have shown that for all but one of the fixtuyisibility
combinations considered, finding a minimal fixture set is NP-hard. The only exception
has been finding a minimal set of ordinary fixels that yields form-closure. Although NP-
hardness results can often be cause for disappointment from an algorithmic standpoint,
we do not believe this is the case here.

7.1. Degeneracy From the theorems of Carabdory and Steinitz, we know that form-
closure requires betweem 3- 1 and & fixels and contacts. The pruning algorithm
presented in Section 4 is a simple polynomial-time algorithm for finding a stabilizing set
of not more than 6 fixels. However, @ is the worst-case behavior of the algorithm—the
algorithm may manage to prune the set of fixels to well below®haracterizing the
performance of the algorithm would require a characterization of the set of assemblies
one wants to fixture; clearly, this is an application-dependent question. However, there
is a simple insight into the lower and upper rangesroft3L and & contacts and fixels
required to form-close an assembly. A similar insight applies to first-order stability.

DEFINITION.  AsetofvectorZ ¢ R"is said to be degenerate if there exists a subset of
or fewer vectors of thatis linearly dependent. Otherwiggis said to be nondegenerate.

Chvatal [3, Theorem 17.1, p. 265] shows that i a point in the convex hull of a set
Z c R", thenzis a strictly positive combination of not more than- 1 points ofZ. As a
special case, i¥ is nondegenerate amds the origin, then in fact there must be a subset
Y C Z of exactlyn + 1 points that positively sums to zero (sinc&ifs nondegenerate,
any subset ofi or fewer vectors o is independent and cannot positively sum to zero).
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The implication of this result is that if the contact and fixel set is nondegenerate, the
pruning algorithmin Section 4 will always find a minimal fixel set (and in only polynomial
time). This suggests that in the event that the contact and fixel set is nondegenerate, we
will know immediately that a minimal fixel set can be found quickly. However, testing
a set of fixels and contacts for nondegeneracy involves seeing if there exists a nonzero
vectorx with n or fewer components such that

Mx = 0,

whereM = [U | V]. Unfortunately, this problem is NP-complete [16], [4]. Note that
the converse of the theorem is clearly false: even if the fixel and contact force direction
vectors form a degenerate set, it still might be possible to form-close the assembly with
only 3n + 1 fixels and contacts.

Our intuition then is that degeneracy is the root cause for the NP-hardness of the
fixturing problem. Whenever the fixel and contact force direction vectors are not highly
degenerate (that is, if most sets of 8r few vectors are linearly independent), then
the algorithmprune-fixeldrom Section 4 is likely to come close to finding an optimal
solution. The degree to which fixel and contact sets for an assembly are degenerate is of
course an application-dependent issue.

7.2. ABottom-Up Approach to Fixturing The pruning algorithrprune-fixeloperates

from the top-down: the algorithm starts by initially selecting all the fixels, then sees which
fixels can be eliminated, subject to the condition that stability is still possible. The above
observations on degeneracy suggest that a bottom-up strategy could be employed as well:
in practice, it might be much faster to start with no fixels selected, and then continually
select fixels until stability is achieved (or untih@ixels have been selected, in which case

the algorithm halts and the top-down pruning approach is used instead). A bottom-up
algorithm would have the basic form:

Algorithm select-fixels

F=0¢
while |[F| < 6n
do
leti ¢ F minimize scorgF, i)
F=FuUl}
S=[U|Vg]
if rank(S) = 3n and positive-spars, 0) = TRUE
return F
done
return ERROR

The algorithrselect-fixelattempts to find a set oftor less fixels that establish form-
closure. IfF grows to have more thamélements, the algorithm returns an error; in
this case there is no point in continuing, since the pruning algorithm can be used instead
to guarantee a fixel set of size 6r less, assuming form-closure can be established at
all. (As a further refinement, the set returned dwfect-fixelscould be pruned by the
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prune-fixelsalgorithm, since fixels that are added irfomight not be needed later for
the form-closure.) The question in a bottom-up approach is how to go about selecting
the next fixel—what function should we choose $oorgF, i)?

Since itis the degeneracy of the contact and fixel set which prevents us from achieving
optimal fixel sets, we need to avoid choosing linearly dependent fixel sets. Accordingly,
we want to add fixels into our set that yield forces that are as orthogonal as possible to
the current set of fix¢bontact-force directionsThus, a simple choice f@coremight
be to measure the deviation of orthogonality between a potential fixel and the current set
of fixels and contacts. One possibility is

o Vi 2 N°<Vi~uj >2

4o scordR =) (wirieg) 2 rar)

A fixel with a force direction exactly orthogonal to all the other fixels and contact-force
directions is given a score of zero.

Note that both the bottom-up and top-down algorithms can be used to find fixel sets
that stabilize an assembly over some range of external forces. As we noted in Section 3.2,
an assembly with first-order stability might be stable only over some very small range
of external forces. As Wolter and Trinkle [23] observed, if an assembly with a fixel set
is stable with respect to some exter@gland alsdQ,, then the assembly is stable with
respect to any convex combination@f andQ,, enabling an assembly to be stabilized
over an entire set of external forces. For example, suppose we want an assembly to be
stable with respect to gravity, even if gravity is perturbed by up tofkBn vertical. For
a planar system, we would need the assembly to be stable with respect to two external
forces: gravity perturbed by positive L&nd gravity perturbed by-15°. (For a three-
dimensional system, the gravity range could be described by four external forces.) In the
top-down approach, fixels are pruned only if their removal allows directional equilibrium
with respect to these two external forces. In the bottom-up approach, fixels are added
until the assembly is stable with respect to both external forces.

7.3. Minimal Form-Closure of Acyclic Assemblies with FixelsThe one result we
have not obtained a complexity measure for is finding a minimal set of ordinary fix-
els that yields form-closure. We conclude this paper by showing that the problem has a
polynomial-time algorithm, given a restriction in the contact graph of the assembly:

DEFINITION.  Given an assembly with objects, thecontact graptfor the assembly is
an undirected grapt® = (N, E) with |N| = n. An edge(i, j) occurs in the graph if
objectsi andj contact each other.

7 Actually, this is not exactly true. We would really like to distribute the directions of the vectors chosen as
evenly as possible. In a two-dimensional space, we require at least three dorghfdrce directions for
form-closure. The optimal spread of three vectors in two dimensions is to have the vectors exactgdr20

In ann-dimensional spacey + 1 vectors are evenly spread with angular separation’ch. As n grows

large, the desired angle between vectors approacties8@ve can simply say that in general, we want to
pick new fixels so that they are as orthogonal as possible to all the previously determingmbfitatt-force
directions.
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(a) (b)

Fig. 13.(a) Contact between two movable objects. The contact force exeneaicés equally and oppositely
on both objects. (b) The contact is replaced by a pair of contacts with immovable obstacles. Now the force due
to contact ap on the two objects can be of different strengths.

We would like to show that if an assembly has an acyclic contact graph, we can
minimally fixture the assembly for form-closure by treating each object of the assembly
separately. In essence, while fixturing objgate temporarily pretend that all the other
objects are already form-closed, and select a set of minimal fix& $bat form-closes
objecti under this pretense. Remarkably, the Bet= |, F will turn out to form-
close the entire assembly. Since the number of fixels required to form-close bbject
is not increased if we temporarily pretend that all other objects are froEghis a
lower bound on the number of fixels required to form-close ohjadien all the objects
have the potential to move. Thus, ¥ does indeed induce form-closure, it will be
minimal.

The key step in our proof will involve “splitting” a contact between two objects; that
is, the contact is ignored, and in its place a pair of constraints is added (Figure 13). In
Figure 13(b) we imagine that objects 1 and 2 no longer touch, but that object 1 touches
some immovable obstacle, as does object 2. In making this (temporary) alteration, and
splitting the contact gt into two separate constraints, we are allowing the contact force
between objects 1 and 2 to be unbalanced. That is, in Figure 13(a) a force of the form
Anis applied to object 1, and a force efin is applied to object 2, due to contact. After
splitting the contact, a forck;n might be applied to object 1, and a foree.,n might
be applied to object 2. Thus, we will need to show that even though we have treated each
contact between objects as two separate constraints (as in Figure 13(b)), the forces that
actually arise at the contact point will be the same as would occur if the contact really
was split.

Giventhe original assembly shown in Figure 14(a), we would split the contact between
objects 1 and 2 as shown in Figure 14(b). We then separately fixture object 1 by itself,
ignoring its contact with object 2 but making use of the constraint on object 1 induced by
the splitting. As the example in Figure 14(b) shows, object 1 requires only two fixels for
form-closure. Next, we separately fixture the assembly consisting of objects 2 through
n, as denoted in Figure 14(b) (the fixels are not shown in this figure). Again, we ignore
the contact between objects 1 and 2 and instead make use of the constraint induced by
the splitting. The final fixel set produced is simply the union of the two fixel sets.
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(a) (b)

Fig. 14.(a) An assembly wittim 4+ 1 contact points. Object 1 touches object 2, and an immovable obstacle.
(b) The assembly is split, and in the new assembly, object 1 is fixtured. Due to the contact constraints on object
1, only two fixels are required for form-closure. Objects 2 throngdre fixtured as a separate group (fixels

for these objects are not drawn).

THEOREM7.1. Given an assembly of n planar objects with an acyclic contact graph
and such that a pair of objects has at most one mutual contact,paimiinimal set of
fixels yielding form-closure can be found ir(niNfG) time

PrOOF The proofis by induction on the number of contact points. Clearly, an assembly
with n objects and no contact points can be minimally fixtured for form-closure by
applying an exhaustive search algorithm separately to each object. Given alet of
fixels, the maximum time to fixture objectminimally is O(NP). All n objects can be
minimally fixtured for form-closure in at mo€d(n Nfe) time.

We assume that the theorem applies for assemblieswitiontacts, and consider
an assembly withm + 1 contacts. Since the contact graph of the assembly is acyclic,
there must be some object that contacts only one other object. (Note that contact with
immovable obstacles has no effect on the contact graph; hence in Figure 14(a) object 1
is said to contact only one other object, namely object 2.) Without loss of generality,
we assume that object 1 contacts object 2, and no other objects. We label this contact as
contactm + 1.

We split the assembly, as shown in Figure 14(a). Separately fixturing object 1 requires
at mostO(NP) time. Likewise, separately fixturing the assembly consisting of objects 2
throughn, ignoring contacin+ 1 but taking the new constraint on object 2 into account,

8 We believe that the theorem applies even if a pair of objects contact each other at multiple points.
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requiresO((n — 1) Nfﬁ) time, by inductive assumption. We claim that the union of the
fixels chosen for the two separate problems will in fact yield form-closure for the entire
assembly. As discussed above, if this is so, then the union of the fixels is also a minimal
fixturing set.

Let the matrix of contact-force directions for the original, unsplit problem be written
as

U =[Ug | Uz | Umya],

whereun 1 denotes the direction of force due to ttme + 1)st contactlU; denotes all
other contact forces that affect object 1, dogldenotes all other contact forces that
affect objects 2 through. Note that the first three rows bk, are zero, sincél, denotes
only contact forces not involving object 1. Similarly, biltthe first three rows df); are
zero. The vectoun,,; has the form

u = (d17 d2’ 07 O’ .. ')’

whered; andd, denote the direction iiR® of the generalized contact force acting on
objects 1 and 2, respectively.

In the first step we choose a set of fixélg that minimally form-close object 1 by
itself. LetV1 = Vg,. Similarly, define the fixel matri¥, by Vo, = Vg,, whereFg is the
minimal fixel set chosen to form-close objects 2 thromgminimally. The matrixV,
like U1, only describes forces involving object 1, so all but the first three rows afre
zero. Similarly, the first three rows &f; are zero as well.

We claim thatFa U Fg induces form-closure on the entire assembly. The contact
matrix for the original, unsplit assembly has the fdoa= [U; | U | um,1], the contact
matrix U’ for the split assembly has the form

U =[U1| Uz |ualugl,
where

Ua = (d]_, 0,0,..) and ug = (O, d,, 0, .. ).

Now consider the assembly with contatt 1 split, as in Figure 14(b). Sinde, achieved
form-closure on a single object (namely, object 1), the composite matyix {i | V1]
must have rank 3. Similarlyg form-closed the othem — 1 objects, so the composite
matrix [Uz | ug | V2] has rank 3n — 1). Sinceun,1 = Ua + Ug, this implies that

rankUy | Uz | Umga | V1| V2] =rankU | VE,urs] = 3n.

Thus,Fa U Fg satisfies the first condition of Theorem 3.3.
The fixel setF5 U Fg also satisfies the second condition of Theorem 3.3. Since the
fixel setsFa andFg form-close all the objects in the split assembly, by definition

ranklV' | Ve,ur,] = 3n
and there exist strictly positive vectoksanda such that

(11) U/)\—"-VFAUpBa =0.
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We partition\ anda by writing @ = (a1, ap) and A = (Xg, Xo, A1, A2) Wherei; and
A are scalars. Then from (11), we can write

(12) UiX1 + UaXz + Uprs + Ugro + Vi + Voap = 0.

Since all but the first three rows bf;, V1, andua are zero, and the first three rows of
Uy, V», andupa are zero, (12) is separable. Thus,

UiXy +Uuar1 +Viap =0
and
(13) UoXo + UgAs + Voap = 0.
Sincea; is strictly positive, we can write
(14) %lel + %UAM + :\\—ivlal = i—jum +Uarz + :\\—ivla =0.
Adding (13) and (14), we obtain

A A
)L—2U1X1 + UaXo + UpAs + Ughs + A—Zvlal + Voo = 0.
1 1

However, sinceln 1 = Ua + Ug, We can expressal, + UgA, asumy 12, Which yields
A2

v 22
[U1 | Uz | Umyal le FIVeI V]| Tt | =0
A2 o2
SinceU = [U1 | Uz | Umt1] andVg,ur, = [V1 | V2], this yields
A
s o
(15) U le +Veurs | AL | =0
o
A2

Sincex; anda, are positive scalars, and, X2, a7, anda are strictly positive vectors,

the vectorgxy, A2/11, X2, A2) and(aiyro/ A1, acp) are strictly positive as well. Thus, (15)
establishes thd, U Fg satisfies the second condition of Theorem 3.3. We conclude that
Fa U Fg does indeed induce form-closure. Since the two fixturing steps require at most
O(N®) andO((n — 1)NP) time, the entire algorithm requires at m&tn NP) time. O

The theorem applies directly to assemblies without any cycles. However, given an
assembly with only a small number of cycles, the cycles could be “broken” using the
following approach: suppose that an assembly has a single cycle in its contact graph,
and the removal of some noddrom the graph eliminates that cycle. If fixels acting
solely on object are introduced to form-close objdgttreating object as if it had no
contact with any other object in the assembly, then, thereafter, akigan immovable
obstacle. Treating objedtas such, the new assembly is acyclic and can be quickly
fixtured. Clearly, this approach can be used only as long as the number of cycles in the
graph is small.
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8. Conclusion. We have defined two varieties of fixturing for multibody frictionless
assemblies with contact. We have explored the complexity of finding smallest sets of
fixels inducing various types of stability on the assemblies. For the most part, finding
minimal fixel sets is shown to be NP-hard. This establishes that under the model where
each fixel has some preassigned cost, minimal-cost fixturing is mostly NP-hard as well.
Based on the theorems of Caratitfory and Steinitz, simple polynomial-time algorithms
have been presented for finding small, but not necessarily optimal fixel sets. Finally, a
characterization of when lower bounds on fixturing sets can be realized is given in the
guise of geometric degeneracy in the force-space of the contacts and fixels.

Much work remains however; choosing to minimize the number of fixels is only one
of the many ways to optimize fixel design. For some applications, a minimal set of fixels
may not necessarily be a good set of fixels in practice. Following the lines of research on
single-object grasping, there are many factors to consider: for example, one might want
to consider the magnitude of forces exerted by the fixels and contacts, to avoid situations
in which the fixel set theoretically yields stability, but only by exerting an enormous force
on an object. (This can arise if a pair of fixels point in almost exactly opposite directions.)
Clearly, for some applications, the assumption of frictionless contact is too restrictive,
and attention needs to be given to the tangential friction forces arising at contacts and
fixels.

Acknowledgments. We wish to thank the reviewers for their many suggestions which
helped to clarify this paper. We greatly appreciated their suggestion of the term “direc-
tional equilibrium” in place of “directional stability” and, in particular, the observation
that robust directional equilibrium is equivalent to the concept of first-order stability, as
defined by Trinkle [21].

Appendix A. In this appendix we give a proof of Theorem 3.2. Suppose an assembly
with a fixture setF has robust directional equilibrium with respect to an external force
Qext- LetW = [U | Vg]. Applying Theorem 3.1, we know th&V has rank & and that
there exists some strictly positixesuch thatWx + Qext = 0, or equivalently, such that

Wx = —Qey. SinceW has full rank, for allsp # 0, we haveWsp = 0, but then, for

all §p #£ 0andWTsp > 0, we have

sU = —QLsp = Wx)Tsp =x"(W'sp) > 0,

sinceW T §p # 0is nonnegative anxlis strictly positive. Thus, the assembly is first-order
stable.

Conversely, suppose an assembly with a fixturd-sistfirst-order stable with respect
to an external forc®ey:. Using any vector norm, ldd be the set of vectord € R3" such
that||d|| < 1. SinceD is closed and compact, we can show that the assembly has robust
directional equilibrium with respect tQex by showing that, for each vector € D,
there exists some > 0 such that the assembly has directional equilibrium with respect
to Qext + £d. In order to show that such arexists, we make use of the “Theorem of the
Alternative” [20], which states that either there exists a vextor 0 such thatAx = b
or else there exists a vectpsuch thaTy > 0 andby < 0.
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Since the system is first-order stable, for any nonzero displaceipghat satisfies
WTsp > 0we know that the potential energy chang®[,,8p is strictly positive. Thus,
givend € D, there exists some > 0 such that

—Qidp — £(dT8p) = (—Qext — ed)'6p > 0

for all 8p such thatwTsp > 0 (with equality being achieved only wheip = 0).
Thus, there is nép satisfyingWTsp > 0 and (—Qex — €d)"8p < 0. Applying the
Theorem of the Alternate yields the result that there must exist some) such that
WTx = —Qex — £d; equivalently, the assembly has directional equilibrium with respect
to Qext + £d. Since a nonzero, positiveexists for each vectat € D, we conclude that
the assembly has robust directional equilibrium with respe@dg@ O

Appendix B. In this appendix we show that the following problem, which we call the
minimal positive spanningMPS) problem, is NP-complete:

LetM be arr x smatrix withr < ssuch thatraniM) = r andMx = Ofor some strictly
positive vectox. Given an integek > r, does there exist an index $etC {1, 2, ..., s}
of sizek such that

1. ranKkM¢) =r and
2. Mcy = 0 for some vectoy > 07°

THEOREMB.1. The MPS problem iblP-complete

PrROOF To begin, it is clear that the problem is in NP since, gi@rthe matrixM ¢

can be tested to see if it satisfies the conditions of the theorem in polynomial time by
linear programming and a computation of the rank/kf. To show that the problem is
NP-hard, we use a reduction from the NP-complete problem minimum set cover used in
Section 5.2. Recall that the minimum set cover problem is as follows:

Let Abe asetA = {a1, a, ..., a} of r elements. LetA; throughAs be subsets of.
Does there exist k-element subsel C {Aq, Ay, ..., A} such that J,., z= A?

Given A and the subset4; throughAs, the reduction is simple. We construct a matrix
M of sizer x (r + s) such thatA can be covered bl of the A; subsets if and only if
there exists &k + s)-element index sef satisfying the conditions of the MPS problem.
We construciM as follows: letM be written in the form

M=[my my --- mrg],

where eachm; is a column vector of length. The firsts columns ofM, that is,m;
throughmyg, consist entirely of zeros and ones. Fok]j < s, let theith component of

9 Note that the inequality op in this theorem is strict.
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m; equal one iy € A; and zero otherwis¥. The last columns form a negated identity
matrix; that is,

-1 0 0

0 -1 0

mSJrl = . mSJrZ = i s mSJrr = :
0 0 -1

We must show tha# can be covered by a union kbf the A;’s if and only if there exists
a(k + s)-element index set satisfying the second condition of the MPS problem.
Suppose thatA can be covered by thk-element collection A,,, An,, ..., An}.
ThenifweletC = {ny, ny, ..., N, r +1,r +2,...,r + s}, we claim thaM ¢ satisfies
the conditions of the MPS problem. First, sin€econtains the indices + 1 through
r + s, Mc's rightmostr columns form the negated identity matrix, establishing that
rankM) = r. Second, sincé is covered by the collectiofA,,, Ay, ..., Ay}, the
vector

Y =Mp +Mp, + -+ My,

satisfiesy; > 1 for all i, sincey; indicates the number of timeg appears in the
collection{An,, An,, ..., Ay}, and this collection coverA. Letting| denote thes x s
identity matrix ance € RX be the vectog = 1 for alli, we obtain

MC<e> = [mnl mnz mnk | _|]<e)
y y

= Mp, +My, +---+Mmp —ly
= y_y:Ov

where the vectofe, y) is strictly positive.

Conversely, supposgis an index set of side+s such thaiM ¢ satisfies the conditions
of the theorem. Since rafi ) = r andM¢ has onlyr rows, no row ofM ¢ can contain
all zeros. Thus, foreach4 i <r, Mc mustinclude at least one columnMfwhosei th
component is nonzero. However, in order to satidfyy = Owith y strictly positive, for
each 1<i <r, the matrixM ¢ must contain at leastvo columns ofM, both of whose
ith components are nonzero. Furthermore, for eatiese two components must be of
opposite sign. Since for each<li < r the matrixM ¢ must contain a column whosth
element is negative and since the only columnklofvith negative entries are columns
s+ 1 throughs + r, clearlyM ¢ must contain the last columns ofM. It must be then

10As an example, for = 6, A1 = {ap, az, as} and Ay = {a, ag, a4}, we would have

m; = and my

OPFr OFrr o
OO Fr P OPR
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that{s+1,s+2,...,s+r} c C. SinceC containsk +r elementsC must therefore
have the form

C={ny,ny....,n,S+1,5+2,...,5+Tr1},

where then;’s are all less thas + 1. ThenM¢ can be written in the form

Mcz[mnl Mp, mnk|_|]~

SinceC satisfies the second condition of the theorem, there exist strictly positive vectors
x andy such that

X X
MC<y> - [mnl Mn, oo Mg | _I](y) = [mm Mp, - mnk]x —y= 0,

or, equivalently,

[mnl Mp, - mnk]x =Y.

Since every component gfis nonzero, every component of the vector

X]_mnl + R + kank

is nonzero as well. Hence, for each<li < r, there must exist k¥ j < k such that the
ith component ofn;, is nonzero as well. By the construction of the vectorsthrough
mg, the set

{An]_5 An27 DR Ank}

must therefore coveA. We conclude that MPS is NP-complete. O
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