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Abstract— We compute the set of all possible behaviors of an more complex models has been performed in coverage and
autonomous vehicle using reachability analysis. A reachaé set  pursuer problems: non-holonomic Dubins vehicles have been
is the set of states a system can possibly reach for a given st considered in [3], a tricycle model has been considered in

initial states, disturbances, and sensor noise values. Wertsider 4 d vehicles i . ts domi db 4t dri
autonomous vehicles which plan trajectories for a certaindok- [4], and vehicles in environments dominated by extern n

ahead horizon which are followed using feedback control. Whe ~ are considered in [5].

a perfectly followed trajectory might not violate specifiedsafety There is more work on verifying maneuvers using reach-
properties (e.g. lane departures or vehicle collisions) here gpility analysis for aircrafts. For this application domai
might exist a violating deviation from the planned trajectory. much work has been done on reachable set computation

Given the mathematical model of the controlled vehicle and . . . . . . .
bounds on uncertainty, our approach detects any possible PY SOlving Hamilton-Jacobi partial differential equation
violation. In addition, the approach provides results faser than ~ S€€ e.g. [6], [7]. Unlike in this work, the considered flight

real time such that maneuvers of vehicles can be checked befo maneuvers are verified offline.
they are fully executed. Besides reachability analysis, there is also work on veri-
fication of road traffic using theorem proving [8].
Online verification of road traffic scenes using reachapilit
One of the main motivations for the development ofnalysis has been presented in an earlier work for vehicles
fully or partially autonomous vehicles is to prevent accitracking arc segments at constant velocity [9]. Theseicestr
dents caused by human error. Unlike humans, a computdiens were introduced to obtain linear system dynamicss Thi
controlled vehicle can exactly compute its future behaviowork is an extension in many respects. First, the planned
when a mathematical description of the vehicle and ittrajectory can be arbitrary instead of being restricted dy-c
maneuver is provided. Based on these predictions, one caected arc segments. Second, the velocity of the maneuvers
compute if the vehicle stays within lane boundaries and ifaries over time instead of being constant. Due to these
static as well as dynamic obstacles are avoided. Howevéwo generalizations the differential equations descgltime
in reality, the exact behavior cannot be predicted due teehicle dynamics are no longer linear, but nonlinear, which
uncertainties in the initial state, sensor measurements, amakes reachability analysis much harder. Third, we conside
vehicle models. A commonly used technique to cope witmeasurement uncertainties which have not been considered
those uncertainties is to compute many simulations. The the previous work. Despite this more complex setting, we
drawback of this approach is that the number of requiregrovide an approach which computes reachable sets faster
simulations typically scales exponentially with the numbethan real time.
of uncertain variables and that not all behaviors can be
captured since there exist infinitely many. This dilemma can Il. VERIFICATION CONCEPT
be overcome by computing reachable sets which enclose all

pOSSIble flrglilatlons Oft atﬁystem.hlnbtlhls WOI'fk, an approagihssiple behaviors of an autonomous vehicle under unoertai
'S E_relsefn et (t)hcompul ?. N [I'er?'c a ke set o an_bfTutonom Basurements and initial states. One of the main applitatio
vehicie Taster than real ime. 1 his ma es_|t possible to COMYt this method is a safety verification module for autonomous
pute if a maneuver s safe under all considered uncertaintigopicles which decides if a maneuver can be safely executed,
bef(;re Ilt' is fully executed. . ) _ see Fig. 1. The maneuvers are mathematically described
The literature on reachability analysis applied 10 aup, reference trajectoriéswhich are functions over time
tonomous vehicles and car-like robots is rather I'm'teddescribing the goal position of the vehicle on the road
;Jnllke .th's \(/jvolrk,Amfost pre\lnous (\j/vorde(IJr_\gders sm;plﬁ The safety verification module requires information on the
ynalmlc mode SHQ d_reque_nty :Jsle mo eh |shto houn Nvad network, as well as on static and dynamic obstacles for
acceleration in the-dimensional plane such that the set Ol jigion checks. The trajectory to be checked is provided
positions is _obtamed from a double_ _mtegratlon resulting ifrom a trajectory planner. We assume that the suggested
reachable circles [1], [2]. Reachability analysis of stigh trajectories already passed a collision check under the as-
sumption that the vehicle perfectly follows the trajectory

|I. INTRODUCTION

In this work, we present a technique to compute all
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Fig. 1. Concept of the safety verification. Fig. 2. Bicycle model.

This reduces the number of trajectories that have to R&nter of massa(, + 22) are used to geometrically obtain
checked by more costly reachable set computations. the position coordinatess and .

Depending on the reference trajectory to be checked,
the verification is for finite or infinite time. The infinite
verification can be achieved by additionally planning a;, :(Lgflf _ 1)$3 4 1 (Cf5 —(Cy + Cr)zl)
braking maneuver which brings the vehicle to a safe stop my mq
— a condition in which the vehicle can stay forever withouti2 =z3
causing a crash. A stop is not considered safe if the vehicle 1 x3
stops i?] an intersectiorl?, a railroad crossing, or other fensa™> :[_Z ((ZTCT ~ UGz - (Z?Cf + lfCT)$—4 + lfcfé)
locations. Note that the vehicle only executes the beg@nin;, —,
of the planned trajectory while the reference trajectory i%
continuously replanned and verified such that the stops ar.é3 )
not necessarily executed unless no safe alternative maneuy6 =4 sin(a1 +a2)
is to be found. 1)

B. Tracking Controller

=14 cos(x1 + x2)

IIl. M ODEL OF THECONTROLLED VEHICLE

In order to compute the reachable set of the autonomous!n this subsection, the controllers for the steering angle
car, a mathematical model is required. We first derive thé and the acceleration command, are designed. It is
dynamics of the vehicle and secondly introduce a controliéSsumed that the vehicle has internal controls which make
for trajectory tracking. Note that the presented reacktgbil it Possible to realize commanded steering angles and accel-
analysis can also be applied the same way to a modifi€fation commands at high accuracy. However, uncertainties

dynamic model. due to unmodeled dynamics of internal controllers can be
_ considered by enlarging the set of uncertain inputs.
A. Vehicle Model The task of the tracking controller is to follow a reference

The vehicle model is an extended bicycle model whiclrajectory which is specified at discrete points in time=
consists ob states: the slip angle at the center of mass= k7, wherek € N is the time step and € R* is the step
B, the heading angle, = ¥, the yaw ratex; = ¥, the size. The values are held constant in between, i.e. duriag th
velocity z4 = v, the x-positionzs = s,, and the y-position time intervals(t,,t;11]. For a short notation we introduce
z¢ = s,, See Fig. 2. The bicycle model is widely used forthe time intervalry := [tx,tx11]. The reference trajectory
control designs involving lateral vehicle dynamics and itsonsists of the desired values of the x- and y-positigp,
name refers to the fact that both front and rear wheels asg.q in @ global coordinate system, from which the desired
each lumped into one wheel since the roll dynamics is ngtaw angle¥,, yaw rate¥, and velocityv, can be derived.
considered [10, Chap. 2.6]. The bicycle model is accurate For the lateral and longitudinal control we use the position
for small longitudinal accelerations and a tire model whiclileviations in the local coordinates of the reference ttejgc
linearly relates lateral force and slip angle. Howeveedir see Fig. 3. The longitudinal deviation, and the lateral
saturate at large slip angles, which is considered unsafe deviatione, are:
that reference trajectories causing tire saturation drerred )
as unsafe and are not further verified. For large longitudina & = ¢8(¥a)(sa.d = s2) +sin(Wa)(sy.a = sy),
accelerations, the vertical force shifts between the feont €y = —sin(Wq)(8z,a — Sz) + cos(Va)(sy,a — sy)-
rear axle, which is not yet considered. Although this effect . .o |ateral control we use the lateral deviatign as

is not dominant, we plan to consider it in future work, S€€ el as the deviations form the yaw angle and yaw rate to

Sec. VII. o
stabilizee,, around zero:
The differential equations of the vehicle dynamics are v
given in (1), where the equations for andi; describe the §=kiey + ko(Ug— U) + kg (Vg — W).

bicycle model for constant velocity. The orientation angle

xo IS obtained by integration of the yaw ratg and the For the longitudinal control we use the longitudinal deigiat
velocity x4 by integration of the longitudinal acceleratione,, and the velocity deviatior,(t) = vq(t) — v(t). The
az, see (1). Finally, the velocity and the direction of theacceleration is determined by a weighted suni,0fnde,,



where the velocity error can be seen as fhgart of aPD  at time t. The exact reachable set for a given reference
position control: trajectoryw*(-) and a set of sensor noise valuéss

G = Raco + Fseo. RE((0,7]) = {x(t.20, w(),u()) |z € R(O), € 0,81,

w(t) = w*(t), u(t) € U }.
In general, the set of reachable states cannot be computed
exactly [11], so that one has to compute overapproximations
denoted byR([0,t7]) 2 R°([0,%f]). In this work, the
reachable set of the time interv§l),t¢] is obtained by
computing reachable sets of smaller time interValst 1],
where t;, equals the times at which the reference vector
w(ty) is updated, see Sec. IlI-B. It would also be possible
to choose fractions of;, as time intervals for the reachable
set computation. The final reachable set is represented by a
. . L list of sets for all time intervals.
It remains to introduce sensor noise in order to study S . . .

: - . The overapproximations in this work are obtained by
the controller performance in realistic conditions. We usﬁnearizing the nonlinear dynamics — f(z,w, ) so that
a positioning system that combines GPS data with ine[— )

. . echniques for linear systems can be applied. In order to
tial measurements to accurately measure the positigns . . -

. ..~ guarantee an overapproximative result, the linearizatioor
sy, the yaw angle¥, the yaw rate¥ and the velocity

. o is considered as an additional uncertain input, as predente
v. The corresponding sensor noise is denoteduby u,, . :
. . : in the next subsection.
uy, U4, andu,. After introducing the sensor noise vector

T . . . .
u = [ug, uy, uw, uy, uy]” and the reference vectar = A Conservative Linearization
[$2,d, Sy.a» Ya, Yq, vq], the final control equations are

Fig. 3. Trajectory tracking: auxiliary variables.

For a concise notation of the linearization procedure, the
state vectorz and the input vecton are combined in a
new vectorz = [T, uT]T. The reference trajectory is not
+ ka(ws — w2 — uz) + k3(ws — w3 — ua), included, since it is certain, and thus a linearization with
respect to that vector is not required. Using a first-order
Taylor expansion around the linearization pdirit’ , w* ™7,

+ ks (ws — x4 — us). the original differential equation of thé" coordinate is

Inserting the above equatiors = fs(z,w,u) and a, = enclosed by the differential inclusion
fa, (x,w,u) into (1) r(.esullts in the final differential equation vy ¢ , .
of the controlled vehicle: = f(z,w,u).

5 :kl(cos(w3)(w2 — 6 — ug) — sin(ws)(wy — x5 — Ul))

. :k4<cos(w3)(w1 — x5 —uy) + sin(ws)(we — g — uz))

Ofi(z,w)

Typically, the next step is to show that the controlled z; € f;(z*, w*) + ——— (z — 2") ®L(T1),
systemi = f(x,w,u) is globally stable for all possible Oz o=zt
reference trajectories(-). Finding a Lyapunov function for =A(z—z*)+B(u—u*)

a fixed reference trajectory is already a difficult problemwhereEB denotes a Minkowski additidrand Z is the set of
but inventing a Lyapunov function that can handle arbitrary_agrange remainders

reference trajectories might be a very challenging taskeNo

that in this work, the construction of a Lyapunov function gl 70 fi(€, w) ok

is not required since we already formally prove safety using( k) = {Q(Z Z) 022 (2= 27)|¢ € Rime) u}'
reachability analysis. The Lagrange remainder covers all possible linearization
errors when¢ may vary arbitrarily in the set of possible

) ) ) values ofz andu given by the Cartesian produBt(r;,) x U,
This section summarizes the steps that have to be ugsg [12].

dertaken to compute the set of states that the Coer”edTheIinearization point is updated for each time intemyal
vehicle yvith fche dynamics = f(z,w,u) can _reach. Besides 5 good linearization point is*(7,) = center(R(r,) x U)
uncerta!n initial state_3c(0) € R(0), we will also allow (see [13]), whereenter() returns the the volumetric center
uncertain sensor noise valuest) < U, where the only o 5 get Since the reachable s&¢r,) are not known in
requirement foru.(t) is tha_t it is piecewi_se continuous. Thus'advance, the vector(r;) of z* is obtained heuristically by
We_c_a_pture arbitrary noise f_requenmes wit). A formal - giare valuese(t,) of a simulation starting in the center of
def|n|t_|o.n. of a reachable set is . R(0) under the inputu(t) = center(l).

Definition 1 (Reachable Set)ie denote the solution to Given the linearization points for each time interval, the

& = f(x,w,u) for z(0) = xo, t € [0,4;], and trajectories ,nqapyative linearization is obtained as follows:
w(+), u(-) by x(t, zo,w(:),u(:)). Note thatw(-) refers to a

trajectory, wherew(t) refers to the value of the trajectory 2A@B={a+blac Abc B}

IV. REACHABILITY ANALYSIS



1) Define a set of allowed linearization erro¥r;) C. Parallelization
which should be a superset of the exact set of lin-
earization errors.

2) Compute the reachable s&(r;) of the linearized
systemi € f;(z*, w*)+A(zx—2*)+ B(u—u*) S L(Tx)
as shown in the next subsection.

3) Compute the linearization errof§r;) based orR ()
according to [13].

4) Check if £(rx) € L(71), otherwise abort and return
unsaf e. ;

5) Compute the refined s&(r;,) as in step 2 using’ fz (T’“)’w(f’“))' _ _ _
instead ofZ. For each linearized system, the following expressions can

6) Repeat this procedure for further time intervals. !oe obtained ?n parallel: the matrix exponentiaf§™, the

The procedure for computing reachable sets of Iineérr]ter\/a;I matricesF (ty) for the en]argement, and the input

systems is described in the next subsection. SetsR'(m) f.or. the aIIowedlllneanzauon grronﬁ(rk). .
The remaining computation steps require less computation
B. Reachable Set Computation of Linear Systems time than the ones that can be parallelized, as later demon-
The reachable set computation for linear systems takstrated in the numerical example. A crucial step which canno
advantage of the superposition principle, allowing one tbe parallelized is the computation of the linearizatioroesr
separately obtain the reachable set due to the initial stafe since they depend on the reachable Rét;). Usually,
solution and the input solution, denoted ®” and R?, time-consuming interval arithmetic is used to overapproxi
respectively. The step-by-step computation is illusttaite mate the set of linearization errors. In this work, we were ab

Since the presented algorithms have to be faster than
real time, we discuss which parts of the algorithm can be
parallelized. All linearization points*(7;) are computed
based on a single simulation as described in Sec. IV-A, so
that they are known before computing reachable sets. From
this follows that the linearized systems for each time waéer
7 can be obtained independently, i.e., the system matrices
A(7), the input matricesB(7), and the constant inputs

Fig. 4: to take advantage of monotonicity properties of the Lageang
1) Compute the exact set of initial state solutions agemainder, which make it possible to compute variable range
RMtpi1) = eAR(ty). of functions by simply evaluating the corner cases (se€)[17]
2) Compute the convex hullRl,(7;) of R(t;) and The detailed discussion is skipped2 since it would require
R"(t,.41) which encloses all trajectories fore 7, =  deriving all second-order derivativésZ ().
[tk, tk+1] under the assumption that trajectories within
the time interval are straight lines. V. SET OF OCCUPIED POSITIONS

3) Enlarge the convex hull byF(tx) ® R(tx) (A ®
B = {abla € A,b € B}) to consider the curvature The ultimate goal of the reachability analysis is to check
of trajectories, and byR’(r;) to consider uncertain if the vehicle stays on the road and if a crash is possible,
inputs. A detailed description for computing and which requires knowing the occupancy of the vehicle body
R! can be found in [14], whereF is an interval on the road. The relevant variables from the reachability

matrix. Thus, the reachable set is obtainedRds;) = computation to determine the occupancy on the road are

R (1) @ (F(tr) @ R(tr)) ® R (7%). the x- and y-position ,, s,) and the orientationt. We
Besides the time interval solutioR(7), the setR(t,+1) = denote the projections of the reachable set onto the positio
RMtri1) @ Ri(txs1) has to be computed, since the algo-coordinates ag (2-dimensional) and onto the orientation
rithm starts with the set at fixed timesg, see step 1. asRy (1-dimensional).

We model the vehicle body as a rectangle with width
b, and lengthd;. For each time intervaty, the rectangle
is oriented according to the center of possible orientation
U, = center(Ry). The deviation around this cent&l =
maxy+cry ([¥* — U.|) > 0 is considered by enlarging the
width and the length of the vehicle body as illustrated in. Fig
5. The length and width increase is

R(te) —

R (tey1)
convex hull
of R(tg)
andR" (ty11)
R(tr)

enlargement

D . D Abyg = |(1 — cos(AW))b; — sin(AW)b,|,
Fig. 4. Computation of the reachable set for a time interval. Aby,w = |(1 — cos(AT))by, — sin(AV)Y|.
The Minkowski addition ofR"(tz,1) and Ri(t.41) in- The uncertain position of the center of mass is also

creases the representation order of the reachable seth whionsidered by enlarging the body size, while the center of
requires reduction methods causing the so-called wrappintie vehicle body is shifted teenter(R ). The enlargement
effect due to the propagation of overapproximations thhougdue to uncertain positions can be obtained by rotating the se
successive time steps. In this work, zonotopes are usetlpositions by—¥,. and computing an enclosing interval for
to represent reachable sets for which efficient reductiogach dimension. The box enclosure operation() can be
techniques exist [15], [16]. efficiently done for zonotopes, which are used for reachable



set computations. R(0) = [-0.02,0.02] rad x[—0.05,0.05] rad x[—0.3,0.3]
rad/s x[14.8,15.2] m/s x[—0.2,0.2] m x[—0.5,—0.1] m.

—Aby s, Aby s - :
=20, Abus] ) box(T(Rs — center(Ry)), The body size of the autonomous cabjs= 4.5 m, b, = 1.8
[—Aby,s, Aby, 5] . . . .
’ ’ ' m and the time step for updating the reference trajectory is
7— ( cos(=¥e) sin(=¥) r=0.01s.
—sin(—%.) cos(—T,)
TABLE |
,,,,,,,,,,,,, VEHICLE PARAMETERS
Abw.\II P _
' R vehicle parameters
by e )\ m I, Cr=0Cr Iy [
P } : 1573 kg 2873 kgm?  80e4 Nfrad 1.1 m 1.58 m
by ; AT sensor noise intervals, 8 =[—1,1]
I Ug Uy Uy u\g Uy
Aby e 0.088m 0088m  92mgrad 0273 radls  0.088 mis
(a) Uncertain orientation. (b) Uncertain center of mass. control parameters
k‘l k:g k:3 k‘4 ks
Fig. 5. Enlargement of the vehicle occupation due to unceddentation 1 10 2 1 10
and position.

Once the set of possible occupation is obtained, one hasThe reachable sets for different projections are shown
to check if collisions with other vehicles or road boundin Fig. 6. It can be seen that all example simulations are
aries exist, for which many efficient algorithms exist. Inenclosed by the reachable set. The simulations indicate
the previous work, the occupations at time intervals havgat the overapproximation of the position deviatien, &,)
been overapproximated by axis-aligned boxes, and only #s well as the other coordinates is small. In Fig. 7, the
axis-aligned boxes intersect, is the more elaborate moilis occupancy of the autonomous car and the oncoming car are
check of oriented boxes computed [9]. Another method is tehown. For the oncoming car it is assumed that the maximum
inscribe the occupied sets by several circles, which are thgeed is20% higher than the speed limit of5 m/s, the
most efficient representation for collision checks [18]. maximum acceleration i&7 g, and the vehicle does not drive
backwards. The initial longitudinal position and velocése
[110,120] m and[13,15] m/s. It is assumed that the other

In this section we present the usefulness of the reachaljghicle only uses its own lane, but possibly occupies thle ful
set computations for the online verification of traffic scene width of the lane. Due to braking, the vehicle may stop at
It is again mentioned that the reachability results can b&so 108 m, which marks the rightmost occupancy. Note that we
used to evaluate the performance of controllers under seng®mpute all possible behaviors of the other vehicle within
noise and uncertain initial states. its acceleration bounds. Based on the occupancy set of both

The considered scenario presents an evasive maneuvekghicles, it can be concluded that the autonomous car stays
the autonomous car caused by a pedestrian who steps ifRhin the road limits from—1.75 m to 5.25 m (lane width

the road without respecting oncoming traffic. In additidve t 3.5 m) and avoids a crash with the oncoming vehicle.
autonomous car has to avoid a collision with an oncoming

car while respecting the road limits during the evasive
maneuver. The first part of the maneuver is a combined
braking and steering maneuver with lateral acceleration (ff
+0.8g and longitudinal acceleration ef0.2g, whereg isthe & o
gravity constant. This part of the maneuver is at the limit

V1. NUMERICAL EXAMPLE

0.4

0.2

-0.2

of maximum possible tire force, whereas the second part - A o 2
induces smaller acceleration values, since it is only regui oz =8 Caz=1

to steer back into the original lane before hitting oncoming (&) Projection ontary, . (b) Projection ontars, 4.
traffic. 3

The vehicle, sensor, and control parameters of the numer- _
ical example are listed in Tab. I. The vehicle parameters are | initial
taken from a 1986 Pontiac 6000 STE sedan [19] and the ¢ 1 set

2

standard deviationr of the sensor noise fot,, u,, and 0 4

Uy |s__tak_en from the Applam_x POS LV platform, yvhose e s s 5 e o
specifications can be found online. The standard deviation f T5 = sy

the other noise sources are reasonably chosen. The interval (c) Projection ontazs, z6 (‘road coordinates®).

of possible sensor noises '_3_ chosen asithénterval, which Fig. 6. Reachable set for the evasive maneuver. The whitehssts the
corresponds to a probability 0§.99994 that the sensor set of initial states, black lines show example simulatiesuits.

noise is in the interval when it is assumed to be Gaussian.

The set of initial states for the considered maneuver is All computations have been performed on an Intel i7
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Fig. 7. Occupancy set for the evasive maneuver. The grapnmegihow the occupancies of the autonomous and the otheheds|ack lines shows the
path the autonomous car should follow. The occupancy atteeldéimes is indicated by black boxes.
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